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A Theory and microfoundations

A.1 One-sided timing search

The one-sided timing search problem considers an agent who observes market conditions
at Poisson rate A and chooses when to act. With i.i.d. payoffs, the reservation value

satisfies the standard McCall equation

vt = —c+ )\/v(v —v")dF(v),
and timing search is isomorphic to cross-sectional search.

Under Ornstein—Uhlenbeck payoffs (dv = (v — v)dt + o dWW), two results emerge
with no cross-sectional analog. First, the reservation value depends on mean-reversion
speed 0: 0v*/00 < 0 when v* > v and > 0 when v* < v. Second, the option value
satisfies %[W(v) —v] < —1 for v > v (agents rush to act at high payoffs), versus

exactly —1 under i.i.d. search.

A.2 Matching microfoundation for Gaussian profits

This appendix provides a matching-theoretic microfoundation for the Gaussian match-
ing efficiency function m(n) = exp(—%(n —n,)?) stated in Assumption 2 of the main
text (Gaussian scale efficiency).

Consider a market with n active firms. Each potential match between a firm and a
trading partner has a quality § drawn from a normal distribution 6 ~ N(n,,1/¢). A
firm operating at market thickness n captures matches with quality near n: specifically,
matches within distance € of n on the quality dimension. The density of good matches

available to the firm is proportional to the normal density evaluated at n:

1

m(n) o« NG exp(—g(n — np)2> :

This adapts the spatial-competition logic of Hotelling (1929) and Salop (1979)
to market thickness: firms compete for matches along a continuum (the quality-
density dimension) rather than along a geographic line or circle, and the normal
distribution generates the Gaussian kernel. The connection to the equal-value structure

of timing search runs through Burdett and Mortensen (1998), who carried the spatial-



equilibrium logic into wage posting; the present paper carries the same logic into the
time dimension via the ironing condition. Absorbing the normalizing constant into 7
yields 7(n) = mexp(—%£(n — n,)?).

The parameter ¢ inherits its interpretation from the variance of match qualities:
¢ = 1/Var(f). Industries with homogeneous match qualities (low variance, high ¢)
have a narrow peak and are sensitive to scale deviations. Industries with heterogeneous

qualities (high variance, low @) have a broad peak and are robust to deviations.

A.3 Derivation of the timing friction

This appendix derives the exponential-quadratic timing friction (i) = e~ 2" as the

continuous-time limit of proportional adjustment costs.

Discrete-time formulation Consider a discrete-time economy with period length
A > 0. In each period, effective output is reduced by a fraction proportional to the

square of the adjustment speed:

2
N A — Ty
yr = (1) - [1—%(—A ) A

The adjustment cost is proportional to the square of the rate of change (An/A)?,

scaled by the period length A. The parameter ;1 > 0 governs the severity of the

friction.

Continuous-time limit As A — 0, write 7 = lima_,o(n4a — 1¢)/A and note that

1 —x =~ e * for small x. The effective output becomes:
y(t) = m(n(t)) - e 5" = w(n(1)) - £(n(1)).

Robustness of the quadratic form Any symmetric friction {(n) with £(0) =1
and £'(0) = 0 admits the expansion In¢(n) = —4n* + O(n*), where p = —£”(0).
The leading-order dynamics—in particular w = /¢/p—depend only on p, not on

higher-order terms. The exponential-quadratic form is therefore canonical.



A.4 Detailed derivation of entry-matching micro-foundation

This appendix provides the detailed derivation of Assumption 3 in the main text

(micro-foundation of the timing friction from entry-exit matching congestion).

Setup The matching function from the main text (§2.3) is m(S,R) = S*R'~°,
where S = M — n is the searcher pool and R is the stock of entry resources. The
matching probability per searcher is p(6,) = 6 (170) With 6, = S /R. The matching

infrastructure R is tuned to clear the steady-state throughput ess = dn,,.

Steady state At n = 0, the realized flow equals e;s = dn,, the infrastructure

operates at its tuned capacity, and the matching probability equals pgs = p(65°).

Bottleneck strain The gross entry flow is e(t) = n(t) 4+ dn(t), with steady-state
€ss = 0ny, so the deviation of gross entry from the steady-state level is e — e55 =
n+0(n—n,). Following the modeling convention adopted in the main text (Section 2.3),
[ attribute the slow-moving replacement component én(t) to a baseline capacity that
tracks the prevailing population n(t) and adjusts smoothly without bottleneck strain.
The bottleneck-strain pipeline services only the net adjustment pressure n(t), which is
the part of gross entry that exceeds the prevailing replacement rate. When n # 0, this
adjustment pressure deviates from zero in either direction. Rapid entry (7 > 0) strains
the entry pipeline (permits, construction, specialist labor). Rapid net exit (n < 0)
strains the reallocation pipeline (resale markets, write-down procedures, workforce
reassignment ). Both reduce the matching probability per searcher below pg. I do not
adopt a single-bottleneck specification in which one pipeline would service the full
le — ess| = |n+d(n —n,)|; the maintained model defines the bottleneck margin as net
adjustment pressure n alone, in keeping with the modeling convention of Section 2.3
of the main text.

I represent this strain by a CES-like penalty that enters multiplicatively into the
matching probability:

.9 }—u—a)/a "

L) I B R
plfei 1) =6 [ " 2(on,

The strain term depends on 7n? rather than on signed 7, encoding the symmetry

between entry and exit congestion. The (dn,)? scale in the denominator reflects that
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infrastructure capacity is calibrated to steady-state throughput: deviations small
relative to dn, are handled easily, while deviations approaching dn, in magnitude

strain the system to saturation.

What is assumed versus what is derived The specific CES functional form
in (1) is a modeling choice: any smooth, symmetric strain penalty g(n?/(0n,)?) with
g(0) = 0 and ¢’(0) = 1/2 yields the same second-order behavior. The universality
result in Online Appendix A.3 shows that any smooth symmetric friction £ with
£(0) =1 and ¢'(0) = 0 admits the expansion In{(n) = —5n* 4+ O(n') with p = —£"(0);
the second-order coefficient is therefore invariant to the particular smoothing chosen.
What the specific form in (1) delivers is not the quadratic shape of the friction—that

shape is universal—but the specific scaling formula

B 1—«
o= a(on,)?’

which pins the constant in terms of the matching elasticity o and the steady-state
throughput dn,. This scaling follows from two observations that hold for any reasonable
smoothing: (i) the only natural scale for n is dn, (steady-state throughput), so
must be inversely proportional to (dn,)? by dimensional reasoning; (ii) the matching
elasticity « enters through the Cobb-Douglas term 6. (1=a) producing the (1 — o)/«
factor regardless of which specific strain function is chosen. The CES form is a
convenient representative of this equivalence class; alternatives (e.g., Gaussian strain
exp[—n?/(2(dn,)?)], or quadratic strain [1 — n?/(2(dn,)?)]) yield the identical pu at

second order.

Effective friction The effective output friction from the entry-replacement bottle-

neck is:

J— ‘2
() = I p(: 0) — np(3) =~ = 1“[1 " ‘2<ann >2} |

Taylor expansion For small |n|/(dn,), In(1+2) =z —2?/2+ -+, and only the

leading term contributes at second order in n:

11—« n
a  2(0ny)

Iné&(n) ~ — S+ 0.



This is —ghQ with

Verification The friction £ is symmetric ((n) = £(—n)), correctly signed (§ < 1 for
n # 0), smooth (all derivatives exist at n = 0), and matches the canonical quadratic
form of Online Appendix A.3 to leading order. For o = 0.5 (symmetric matching),
p = 1/(én,)?. For a = 0.7 (searcher-weighted), p = 3/(7(dn,)?) ~ 0.43/(dn,)?,
approximately 57% smaller—implying faster cycles in industries with higher searcher

matching power.

B Proofs of main-text results

B.1 Spectral peak of the stochastic limit cycle

Proposition 3 (Stochastic limit cycle).

Under small i.i.d. shocks w(n,t) = w(n) + o.&4:

(i) The spectral density of n(t) peaks at the structural frequency wy = \/cp_/,u in the
undamped small-shock limit; with bottleneck damping n = x/pu > 0, the observed
PSD peak is wpsp = \/@/p—n2/2, equal to wy up to an O(n?) correction
(Proposition 4(iv)).

(ii) The peak frequency is determined by (p, 1) at leading order and by the damping

ratio n at second order, not by o..

(7ii) Even i.i.d. shocks produce persistent cycles: the persistence is endogenous to the

equilibrium structure.

Proof. Linearization. Under small shocks 7(n,t) = w(n) + 0.6, and Gaussian tim-
ing friction, the ironing condition with bottleneck damping (derived in Online Ap-

pendix B.2) linearized around (n,,0) yields the damped stochastic oscillator

. . 2 O¢
n+nn+ws(n—n, = ;et,

with wg = \/p/p and n = x/p.



Spectral peak [claim (i)]. The linear filter from &, to n(t) —n, has transfer function
1
wa — v+’

H(v) =

so the stationary power spectral density is S(v) = |H(v)[*S(v). For white noise S. is

constant in v; maximizing |H (v)]* = 1/[(w2 — v?)? + n%?] in v yields the peak at
Vseak = Wg - 772/2‘

In the undamped limit  — 0, Vpeax — wo exactly. For n < wy (under-damped regime),

Vpeak coincides with wy up to a relative correction of O(n?/wj), negligible at empirically

relevant damping levels.

Parameter dependence [claim (ii)]. The peak location vpe is a function of
(wo,n) = (\V/o/p, x/1t) alone. The shock variance o? scales the spectral density
vertically (through S.) without shifting its argmax, so Vpearx does not depend on o..

Endogenous persistence [claim (iii)]. Even when S. is flat—i.i.d. shocks have
no spectral concentration of their own—the resonant frequency response |H(v)|?
concentrates output power near vpe,x. 1he persistence of cyclical fluctuations in n(t)
is therefore endogenous to the equilibrium structure (wp, ) rather than inherited from

the shock process. [

Remark (economic interpretation of the ironing condition). The ironing-condition
energy identity %hQ—F%(n—np)z = F of the main text decomposes into two economically
interpretable pieces. The term %hz is the per-firm flow cost of operating the matching
kernel £(n) at rate n—the cost of keeping the entry rate at its current pace. The
term £(n — np)? is the per-firm profit shortfall from operating at scale n rather than
at the optimum n,. The ironing condition pins the sum of these two quantities at a
constant level E > 0 along the equilibrium orbit: this is the equal-value level required
by indifference across all entry dates. The four-phase cycle of Figure C.4 traces the
periodic exchange between the two pieces: at n = n, the entire £ sits in the entry-rate
flow cost (n at maximum); at the turning points n = n, £ A the entire E sits in the
profit shortfall (n = 0); in between, the two trade against each other while their sum
remains pinned. The damped equilibrium adds the bottleneck dissipation channel
xn?, which slowly erodes the equal-value level along the orbit and is balanced in the

stationary equilibrium by injection from productivity shocks o.&;.



Remark (persistent shocks). With persistent shocks S.(v) is no longer flat, and
the observed spectrum S(v) = |H(v)|?S.(v) peaks where the product is maximized.
Since |H(v)|? peaks at vpeax = \/w§ — n?/2 while a persistent process (e.g., AR(1))
tilts S, toward low frequencies, the observed peak can shift slightly below vpeax. The
displacement is of order p/Q?, where p is the shock autocorrelation and Q = wy/n is
the quality factor of the transfer function. For sharp peaks (@ > 1), the displacement
is negligible.

B.2 Stationary distribution of the damped stochastic oscilla-

tor

This appendix first derives the damped stochastic oscillator directly from the ironing
condition with bottleneck dissipation, then derives the stationary amplitude distri-
bution. The derivation balances the rate at which bottleneck dissipation erodes the

equilibrium value level against the bottleneck’s output-dissipation rate.

Proposition 4 (Amplitude selection).
With bottleneck friction coefficient x > 0 (damping n = x/pn > 0) and shocks o. > 0:

(i) Without shocks (0. = 0): orbits spiral inward to (n,,0) with decay half-life
In2-2u/x.

(ii) With shocks: the system has a unique stationary distribution with variance:

2 0.2

3 ) (2)

C2npp 2x¢

g

E[(n - np)Q]

where the second equality uses n = x/u, so that the matching friction p cancels.

(1) The amplitude envelope A = \/(n — ny)? + (n/wp)? follows a Rayleigh distribu-
tion with scale o, = 0./\/2xp, so that E[A?] = 202 = 02 /(xp).

(iv) The spectral peak frequency of the driven oscillator’s stationary spectrum is

Wpeak = \/ /10 — n%/2, obtained by maximizing the squared frequency response
|H(w)|? = 1/[(w? — w?)? + n*w?] over w. (The homogeneous damped natural

frequency \/ @/ — n?/4, at which the unforced solution oscillates, is a separate
object.) For small n, both quantities are negligibly below +/¢/ .



Proof. Frictionless equation from ironing. Under Gaussian profits (Assumption 2) and
Gaussian friction (Assumption 3), the ironing condition (Proposition 1 of the main
text) states m(n)&(n) = C along any equilibrium path. Linearizing around (n,, 0) and
writing & = n — n,:

Inm(n,) — ng — th =InC.

Differentiating in time and cancelling the non-trivial factor n # 0:
—pr—pun=0 <= pun+ez=0,

which is the law of motion of a frictionless oscillator with natural frequency wy = v/ ¢/,

reproducing Theorem 1. The per-firm ironing-value functional

is constant along the equilibrium orbit in the absence of dissipation, dH /d¢t = 0 (this
is the ironing-condition energy identity of the main text rewritten as a function of
(2, 7).

Convex entry-replacement bottleneck. The entry-replacement pipeline is bottle-
necked. Permits, specialized construction labor, site preparation for entrants, and
reorganization services for replacement flow below attrition are all scarce relative to
short bursts of flow, and the bottleneck strain rises with the squared departure of net
adjustment pressure n from zero (Online Appendix A.4 derives this from microfoun-
dations as the universal limit of congestion specifications). At the aggregate level I

represent the strain by a Rayleigh dissipation function
R(n)=3xn*, x>0,

where y is the bottleneck friction coefficient. Differentiating the dissipation function
gives the dissipative force —OR/0n = —x n in the equation of motion, with a rate of
output dissipation 2R = y n? that erodes the ironing-value level along the orbit. I treat
x as a reduced-form damping primitive that selects the stationary cycle amplitude
(Proposition 4 of the main text); I do not separately count yn? as a contemporaneous
output flow in the welfare ledger. The welfare cost of cycles in the welfare identity
of the main text is captured by the displacement-curvature term (/2)E[z?] and the

firm-level friction term (u/2)E[n?] already; x’s role is to pin these losses at finite
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stationary values through amplitude selection, not to add a third additive flow.

Primitive form: where x comes from. The dissipation function R(n) = xn? is not

2
an ad hoc flow-level friction; it is the reduced form of a supplier-side optimization with
two economic primitives. The supplier sector—permitting authorities, construction-
labor markets, specialist equipment manufacturers, site preparation services—produces
entry resources R(t) at a smooth, convex cost ¢(R), twice continuously differentiable
around the steady-state resource level R, that services replacement at rate dmn,.
Resources are consumed at two layers: a baseline layer that scales with the steady-
state replacement flow dn, and a bottleneck layer that services net adjustment pressure

n(t) above replacement through a linear technology,
R(t) — Rss = rn(t), r >0,

where r is the resource-flow linkage (units of supplier-side resource flow per unit of

net entry pressure). A second-order Taylor expansion of ¢ around R, then gives
¢(Ryss +111) — ¢(Rys) — ¢ (Rgs) i = 1 ear?n® + O(R%),

where ¢o = '(Rss) > 0 is the bottleneck curvature (the supplier sector’s cost convexity
around steady-state flow). The constant ¢(Rss) is absorbed into the ironing level
C' and does not affect dynamics. The linear term ¢/ (R;) ri averages to zero over a
complete cycle—a closed orbit returns n to its initial value—so it neither dissipates
output nor contributes to the per-firm welfare cost. Only the quadratic part dissipates,

and matching to the rate xn? in R(n) = $xn? identifies
X = cprt (3)

The bottleneck friction coefficient yx is therefore the product of two economic primitives:
the supplier sector’s cost curvature cs (a technology parameter of the supplier sector,
in principle measurable from supplier-cost regressions) and the squared resource-
flow linkage r (an input-requirement parameter of the entry production function,
measurable from the resource intensity of new entry). Treating x as primitive in
Assumption 4 (bottleneck friction) of the main text is a deliberate aggregation choice:
at the level of detail at which the body operates, only the product cor? matters for cycle

dynamics and welfare, and the closed-form results are unchanged by the disaggregation.
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The disaggregation becomes operative when policy targets one primitive without the
other—e.g., a permit-streamlining policy that lowers r without changing cs, or a
supplier-sector capacity expansion that lowers ¢y without changing r.

Value-flow balance derivation of the damped equation. Along any equilibrium path
with bottleneck dissipation, the per-firm ironing-value functional H falls at exactly
the rate at which the bottleneck consumes output:

ﬂ__ n2
a X"

Computing the time derivative of H directly:

P :unn+cpxn:n(un+cpx).

Equating and cancelling n (for n # 0):
Un+or=—xn.

Rearranging:

pn+xn+ex=0.

Dividing by p and adding the stochastic forcing o.e,/p from Section 4 of the main

text gives the damped stochastic oscillator

. . 2 O¢
nN+nNn—+wyr = —¢&y,
o

with wg = /p/p and

n==.
7

Both signs are correct by construction: the restoring force —px pulls the industry
toward n,, and the dissipative force —xn opposes motion. The damping rate 1 emerges
endogenously from the ratio of the bottleneck friction coefficient x (the strength of
the bottleneck-strain mechanism) to the matching friction p (how stiffly the ironing
condition pins the motion). Higher friction dissipates output faster; higher matching
friction slows both the restoring force and the dissipation by the same factor.

Noise convention and sampling-interval correction. The discrete-time shock

with E[g;] = 0 and E[¢?] = 1 is the per-period i.i.d. realization at sampling interval At.

12



In continuous-time terms, the equivalent forcing is (o./p) dW; with E[(dW;)?] = dt,

2 _ 2

Zcont = O gise/ At the continuous-time shock variance is the discrete-

related by o
per-period variance divided by the sampling interval. The closed-form stationary
expressions o, = 0./v/2xp and E[L] = 02/(2x) derived below use the continuous-time
form throughout, so cross-frequency calibrations require the conversion: a ¢. measured
at At = 1 month and a 0. measured at At = 1 year differ by a factor of /12 at
the same underlying o, ¢ont. All numerical welfare and amplitude calibrations in the
body (Section 5.3 spectral test, Section 6.1 welfare numbers, Section 6.2 CHIPS
counterfactual) use At = 1 month throughout for the FRED industrial-production
series; the BDS-based per-industry welfare table in Online Appendix E.2 uses At =1
year, with o?,,, = 1202 . applied so the implied x is in common continuous-time
units across the two series.

Important: o. is the innovation of the model-implied second-order representation,
not the raw amplitude. The linear time-aggregation o?- At is the correct cross-frequency
map only when the underlying object is white. The structural ¢; in equation (18) of
the main text is i.i.d. by assumption, so for the structural innovation the aggregation
is valid by construction. Section 5.4 and Online Appendix D.2 document that the
observed per-industry series are non-AR(1) and that the BDS i.i.d. null is rejected
for all eight industries even after AR(1) and AR(p)+GARCH prefiltering. This is
exactly what the timing-search model predicts: equation (19) is a continuous-time
second-order linear system, whose exact discretization is ARMA(2,1) rather than any
finite AR(p), so generic reduced-form autoregressive filters provably fail to whiten
the observed series. The whitening filter that does succeed by construction is the
model-implied second-order representation itself.

The calibration that backs o. out of o, = 0./+/2x¢ therefore uses the innovation of
the fitted model-implied second-order representation: for each industry, the log-growth
series is fitted to a discrete-time damped-oscillator state-space form (equivalently,
an ARMA(2,1) with the parameter constraints implied by (19)), and the innovation
standard deviation of that fitted representation is what enters as o.. By construction,

the residuals of the model-implied filter are i.i.d. at the sampling frequency, so the

2 _ 2
eg,cont — Us,disc

and the fact that AR(p)+GARCH does not whiten the raw series (Appendix D.2) is

consistent with the model, not in tension with this calibration.

white-noise time-aggregation o /At is valid on the calibrated innovation—

Firewall: structural vs. reduced-form w. The model-implied second-order fit (Ap-
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pendix D.8) and the model-agnostic multitaper spectral peak (Table II) are distinct
estimators of related but not identical objects: the multitaper estimator returns the
dominant frequency of broadband power, while the model-implied fit returns the
natural frequency of a constrained band-restricted second-order linear system. The
two need not coincide outside the small-amplitude single-mode regime. They serve
distinct, non-competing roles in the paper: the welfare calibration in this appendix uses
only the model-implied fit, while the headline cross-industry slope test in Section 5.3
uses only the multitaper peak. There is no feedback between them.

Cross-frequency comparability. The monthly FRED series and the annual BDS
series are estimated independently at their native sampling intervals (At = 1 month and
At = 1 year respectively); the model-implied innovation is calibrated per-series from

each. To put both calibrations in common continuous-time units I apply the conversion

2 _ <2

2 cont = Oz gise/ At independently to each series. The relation o, =1202 is

g £,ann €,month

the theoretical time-aggregation identity for a single underlying white process; it is not
used here to transport a monthly o. onto an annual-series welfare calculation. The
BDS-based welfare numbers in Online Appendix E.2 are driven by each industry’s
own native-frequency (annual) calibrated innovation, converted to continuous-time
units by dividing by At = 1 year; the monthly FRED-based numbers are driven by
their own monthly calibrated innovation, converted by dividing by At = 1 month.
The two welfare series are therefore both in continuous-time units of variance per year
and are directly comparable, with no cross-series scaling.

Remark on the two entry-cost parameters. The bottleneck friction coefficient x is
structurally distinct from the per-firm sunk entry cost s that appears in the free-entry
condition V(t) = Vse@rh(¢) + k (Definition 1(ii) of the main text): & is the dollar
amount the marginal entrant pays at entry, while y is the aggregate damping coefficient
governing how strongly the bottleneck-strain mechanism opposes departures of net
adjustment pressure n from zero. The two parameters have different units and different
welfare implications. The welfare formula E[£] = ¢2/(2x) depends on x alone; x does
not appear in it. Whether a real-world entry-cost policy moves x, x, or both is an
institutional question that the model leaves open.

Setup. With the damped stochastic oscillator thus derived, the remainder of this
appendix computes its stationary amplitude distribution.

Value-flow equation. Define the per-firm value functional £ = %hz + %wg (n —ny)?

14



(the rescaled ironing-value level). Then:

2
0-5
dt.
2142

A& = —natdt + Z paw, +
1

Stationarity condition. In stationarity, E[dE] = 0:

2

E[n?] = —=
nE[n7] 202

Equipartition. For the linear damped oscillator with white noise, the stationary

distribution of (n — n,,n) is bivariate Gaussian. Equipartition gives:
E[n?] = wi E[(n — np)7].

The amplitude envelope satisfies E[A?] = 2E[(n — n,)?]. Therefore:

L, 2 o?
Solving:
2 2
E[AQ] — 208 S = O¢ )
penwy o pne

Rayleigh distribution. The pair (n — ny, n/wp) is bivariate Gaussian with equal

variances 02 = 02 /(2une). The envelope A = /(n —n,)? + (1/wp)? therefore follows
the Rayleigh distribution:

A A?

The mode is at o, and the mean is o,+/7/2. Both scale linearly with o., confirming

the linear relationship o, o 0. (and equivalently /E[A?] « o.). |

B.3 Proof of Theorem 2 (Selection)

Theorem 2 of the body states that under o., x > 0 the stochastic dynamics of (9)
admit a unique Markov stationary timing-search equilibrium (Definition 2), with
a sharp deterministic limit as o. | 0 and a small-noise/small-friction selection rule

under joint scaling 0?/x — 27T. This appendix proves Theorem 2 for the linear-
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Gaussian equilibrium implied by Assumptions 2-3 of the body—the object the entire
empirical paper uses. A scoped conjecture on the non-Gaussian extension is recorded
as Remark 1 at the end of Step 2. The proof has four steps: existence with explicit
covariance, uniqueness under clause (iii), exponential mixing in total variation, and

vanishing-noise selection.

Step 1 — Existence and explicit covariance Write the centred state vector
zy = (ny — np, 1) € R% Under the equilibrium policy e*—pinned by clause (ii) of
Definition 2 and by the linear form of the ironing condition (11)—equation (9) translates

from the second-order scalar form to the equivalent first-order linear-Gaussian SDE

0 1 0
d.Tt = B.Tt dt + EW th7 B = s EW = . (4)
-/ =x/p o=/ 1

The drift matrix B has trace —x/u < 0 and determinant ¢/ > 0, so its eigenvalues

have strictly negative real part, with explicit values

X
442

M = X+ 2o
L

24
in the empirically relevant under-damped regime x? < 4¢u (the over-damped case
is analogous and gives two negative real eigenvalues). By the standard Ornstein—
Uhlenbeck representation (Ito’s lemma applied to e=Pz;), the law of x; converges to

a Gaussian invariant measure with covariance X* solving the matrix equation

0 0
* *T T _
BY +¥'BT = Yy ¥, = —(O 02/u2>' (5)

Writing ¥* = (311 32) and expanding (5): the (1,1) equation gives s;5 = 0; the
(1,2) equation gives s9o = (/1) s11; the (2,2) equation gives —2(x/u) s92 = —02 /.

Combining,
2 2
511 = i, S22 = i7
2xp 2xp

ie. X% = (02/2x¢) diag(1,p/p), as claimed in the body.
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Step 2 — Uniqueness and verification of the equilibrium clauses In the
linear-Gaussian system (4), uniqueness of the invariant law follows directly from the
eigenvalues of B having strictly negative real part together with controllability of the
pair (B, Xy ) (Karatzas and Shreve, 1991, Thm. 5.7.7); see also Hasminskii (1980).
Every initial law in Py(R?) converges to a single Gaussian limit, so the family of
invariant measures of (4) is a singleton.

We verify each clause of Definition 2 in turn. Clause (i) is satisfied by construction:
the pu* of Step 1 is the invariant law of (4) under the entry flow e; = n; 4+ dn; implied
by aggregate consistency. For clause (ii), the linear-Gaussian structure pins V* as
the unique quadratic function of (n — n,,7n) solving the continuous-time Bellman
equation (10); existence is standard for linear-quadratic problems with the stability
of B established in Step 1, and uniqueness up to an additive constant follows from
the transversality requirement that e="+*)*E[V*(z,)] — 0 as t — oco. For clause (iii),
under the unique invariant law p* the marginal distribution of (n;,n;) equals p* at
every t, so for any stopping time 7 with x, ~ p*, the conditional expected option value
E[V*(n;,n.)] = E,-[V*] is the same constant; clause (iii) is therefore automatically
satisfied.

This proves Theorem 2 in full for the linear-Gaussian equilibrium under Assump-
tions 2-4—the regime that delivers the body’s closed-form covariance, supports the
entire empirical analysis, and to which the deterministic limit of Theorem 1 sharply

reduces. The non-Gaussian extension is recorded as a scoped conjecture below.

Remark 1 (Non-Gaussian extension, conjecture).
The argument above leans on Assumptions 2-3—Gaussian profit landscape and exponential-
quadratic matching friction—so that the equation of motion is linear in (n —n,,n) and
the invariant law s Gaussian. Qutside that core, several modifications are conceiv-
able: a profit landscape with multiple local maxima, a non-quadratic matching friction
admitting cubic or higher-order terms in n, or a bottleneck friction that responds
nonlinearly to |n|. In any such non-Gaussian extension, the diffusion may admit
multiple stationary measures concentrated in distinct basins of the deterministic value
landscape, and the linear-Gaussian uniqueness argument above no longer applies.
Conjecture. Under any non-Gaussian extension for which (a) the deterministic
value landscape has a unique global mazimum at (n,,0) and (b) the stochastic dynamics
admit a stationary measure concentrated in its basin, clause (i) of Definition 2 selects

this measure as the unique Markov stationary timing-search equilibrium. The economic
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content is that any equilibrium supported in a different basin has strictly lower E,[V*],
so a stopping rule targeting the global-maz basin would deliver a strict expected option-
value gain, violating clause (iii).

I do not attempt to prove the conjecture here. The standard regularity conditions
of Villani (2009, Thm. 18) ensure that, under o.,x > 0 and a C? profit landscape with
locally bounded curvature, each basin admits an invariant measure with exponentially
mizing dynamics; this is the analytical machinery a proof would invoke. A full proof
requires verifying clause (iii) on the multi-basin diffusion rather than asserting it.
I leave the extension for separate work, and report Theorem 2 as a result on the

linear-Gaussian equilibrium consistent with the rest of the body.

Step 3 — Exponential mixing in total variation Because the eigenvalues of

B have strictly negative real part (Step 1), with explicit values Ay = —x/(2u) +

i/ — x2/(4p2) in the under-damped regime x? < 4pu (the over-damped case

Bty, and

is analogous), the conditional law of x; given xz( is Gaussian with mean e
covariance

t
Y, = / P Ty ol P ds — B,
0

Mean and covariance converge at exponential rate A = x/(2u), the absolute value
of the real part of AL. Controllability of (B, Xy ) is verified by the rank condition
rank[Xy,, BXw] = 2, and ensures that 3; is strictly positive definite for every t > 0.
The transition kernel therefore admits a smooth density on R? at every positive time.
The total-variation bound between two Gaussians sharing the same covariance is
O(|lm1 — ma]|), and between two Gaussians with the same mean is O(||3; — Xs]|r);

combining,
[L£(xe [ o) = 1 [| g < C(llezoll + 15 = 2p) < C"e (1 + [laol]),

which integrates against any vy € Py(R?) to give the stated exponential bound. The
non-Gaussian extension lies outside this argument; Remark 1 discusses the conjectured

form.

Step 4 — Vanishing-noise selection Fix y > 0 and let 0. | 0. Then X* — 0 and
W = 0n,,0) weakly—the point mass at the deterministic steady state of Theorem 1.

This is the standard small-noise limit of Freidlin and Wentzell (2012): exit times from
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any neighbourhood of (n,,0) diverge exponentially in 1/02, so p*-mass concentrates
on the steady state alone.

Now let o, x J 0 jointly along 02/x — 2T for some T > 0. The covariance rescales
as o — (T/y) diag(1,¢/u), a non-degenerate Gaussian whose expected per-firm
welfare cost %gpsn + %,usm equals T by direct substitution. Because the Gaussian’s
covariance is proportional to the inverse Hessian of the quadratic value-deviation
function at its maximizer, this Gaussian is the unique stationary distribution of (9)
with expected welfare cost T'. The selection is sharp: any other scaling of (o, x) | (0, 0)
either collapses ¥* to zero or sends it to infinity, neither of which is a stationary

equilibrium in the sense of Definition 2. U

B.4 General hump-shaped profits

Proposition 5 (General hump-shaped profits).

Under any C* profit function m(n) with 7 (n,) = 0 and 7" (n,) < 0, and timing friction
£(n) = e~ 2", the ironing condition Inm(n) — En? = E admits periodic orbits with
frequency nearn, given by w = \/| f'(n,)|/p+O(A?), where f'(n,) = 7" (n,)/m(n,) < 0.
For the Gaussian specification, |f'(n,)| = ¢ ezvactly. A numerical check across 8
smooth exponential-family hump-shaped profit specifications shows the Gaussian-based
prediction Ty = 2m\/ /@ stays within 1.6% of the exact orbit-integrated period at

A/n, = 0.30 (Online Appendiz C.2).

Proof. Let m(n) be a C? function with m(n) > 0 for n in a neighborhood of n,,

7'(n,) =0, and 7”(n,) < 0. The ironing condition gives:

Define the profit-curvature kernel U(n) = —i Inm(n), which encodes how the profit
landscape confines the industry near optimal scale. Since 7'(n,) = 0 and 7”(n,) < 0,
U'(ny) =0 and U"(n,) = —n"(n,)/(pr(n,)) > 0, so n, is a local minimum of U. This
becomes: .
§n2+U(n) = =¢£.

Economically, this says that the sum of the profit-landscape cost U(n) and the
adjustment cost %7'12 is constant along the equilibrium path. The economy oscillates

around n, because deviations from optimal scale are offset by adjustment dynamics.
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For & slightly above U(n,), the oscillations have small amplitude. The frequency of

small oscillations is:

/U// (n,) \/ \/|f ny)|
1%y np

where f'(n,) = [n" /7 — (7' /7)?]|n, = 7"(n,)/7(n,) since '(n,) = 0.

For finite amplitude A, the period of oscillation under a general profit landscape is:
ni d
— \/5/ - )
n_ \/ E— U(TL)
where ny are the turning points. Expanding U(n) to fourth order around n,:
1 " 2 1 " 3 1 (4) 4

U(n) =U(ny) + §U (np)(n —mny)° + EU (np)(n —mnyp)° + ﬂU (np)(n —mnp)* + -
Standard perturbation theory for nonlinear oscillators gives:

w(A) = wy + O(A?),

where wy = /U"(n,) = /| f'(ny)]/ -

For the Gaussian specification, U(n) = 37 (n— np)% + const exactly (all higher-order
terms vanish), so w = wy exactly for all A. For w(n) = n*(a — bn), the cubic and
quartic corrections are nonzero, producing amplitude-dependent corrections to the

frequency. |

B.5 Entry at all dates: verification of the regularity condition

This appendix verifies the all-entry regularity condition used in Theorem 1 of the main
text—mnamely, that entry occurs at every date along the deterministic equilibrium
orbit.

Proposition 6 (Joint regularity bound on cycle amplitude).
The timing search equilibrium of Theorem 1 satisfies the all-dates reqularity condition—

a positive searcher pool S(t) > 0 and a positive entry flow e(t) = n(t) + on(t) > 0 at
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every date—if and only if the cycle amplitude satisfies the joint upper bound

ony,

Vi

for any € > 0. The first term in the minimum (the binding component for typical

A < nin My —e). Q

M ) is the entry-flow bound: the steady-state exit flow dn, must exceed the maximum
amplitude of net flow oscillation. The second term is the searcher-pool bound: the

active population must remain strictly below the total population M over the cycle.

Proof. Along the equilibrium path, n(t) = n, + Acos(wt + ¢), so S(t) = M —n(t) >
M —n,—A>0iff A< M —n,, which the second term of (6) ensures for any £ > 0.

The entry flow is e(t) = n(t)+0n(t) = —Awsin(wt+¢)+(n, + A cos(wt+¢)). The
non-constant component —Awsin(-) + §A cos(+) has maximum modulus Av/w? + §2,
so e(t) > 0 for all ¢ iff on, > AvVw? + 82, i.e., iff A < én,/v/w? + 82, which is the first
term of (6).

The joint condition A < min{-,-} is therefore necessary and sufficient. |

Empirical scope: closed-form Theorem 1 vs. Proposition 4 spectral peak.
For manufacturing industries with d; € [0.065,0.090] and w; in the business-cycle band
(w; € [1.3,2.1] in radians/year), the first term of (6) gives A /n,,; € [0.031,0.069]:
the closed-form exact-harmonic Theorem 1 is a small-amplitude benchmark valid
for cycles up to roughly 3-7% of steady-state scale. This is the natural scope of
an analytical theorem and is not the empirical target. The empirical analysis in
Section 5 (spectral tests, cross-industry slope, IV) targets the stochastic damped
system of Proposition 4, whose spectral peak inherits the closed-form natural frequency
Wy = \/go_/,u up to an O(n?) correction at empirically relevant damping and amplitudes;
that peak is the object recovered by multitaper, Burg AR(12), and the 2SLS, all of
which are valid outside the small-amplitude regime. Industries with large investment
swings—e.g., manufacturing structures during the Great Depression episode (Figure 5a)
or oil/mining during the 1979 crisis (Figure 5b)—sit well outside the closed-form
regime, and the analysis of those impulse responses leans on the stochastic damped
system’s spectral peak (Proposition 4) and the isochrony of damped oscillation (Online
Appendix C.1), not on Theorem 1’s exact orbit. The closed-form theorem and the
empirical spectral object are therefore separate but consistent: the theorem pins

the small-amplitude natural frequency in closed form; the stochastic damped system
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inherits that frequency at empirically observed amplitudes.

B.6 Frequency correction and cycle asymmetry

Proposition 7 (Frequency correction at finite amplitude).
Under any C* profit function w(n) with ©(n,) = 0 and 7" (n,) < 0, and timing friction
£(n) = e~ 5", the closed-form frequency wy = VI (np)|/ 1 admits the finite-amplitude
exrpansion

w(A) = wo[l + csA* + O(AY)],

where ¢ = —L5 — 22 is a profit-curvature functional with 8 = U"(0) and v = UM(0)

16w? 48w

for U(z) = —p~tInw(n, + ). For Gaussian profits f = v = 0 and w(A) = wq for

all A (exact isochrony as the ¢4 = 0 knife-edge); for the quartic perturbation m(n) =
4

moe” 5770w e — 3a,/(2¢), recovering the formula w(A) = wo(1 + 3asA2/(2)).

Proof. Setup. Consider the oscillator & + U'(z) = 0, where + = n —n, and U(z) =
Us + 3wia’ + §2° + gyya® + -+, with wo = \/U"(0), B =U"(0), v = U(0).

Perturbative expansion. Seek a periodic solution:
2(t) = Acos(wt) + A%xy(t) + Aws(t) + - -,

w = wy + A%wy + O(AY).

(Odd powers of A vanish by symmetry when g = 0.)
Order A%. Substituting into the equation of motion and collecting O(A?) terms:

iy + Wiy = —g cos?(wot) = —g[l + cos(2wyt)].
The particular solution is:

P + LQ cos(2wot).

t) =
7a(t) 4wt 12w3

Order A% (resonance condition). At O(A3), the equation becomes:

) v, 58
I3 + ngg = 2(4)00.)2 — g + 24w2
0

cos(wopt) + - - -
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Eliminating the resonant term at frequency wy:

1 [y 5B°
Wo=—|= — :
T 2w |8 24uw?
Result. The corrected frequency is:
532

W(A) = w [1 + (L

16w2 48wk

) A+ O(A4)} :

For the Gaussian profit: U(z) = %a? exactly (no higher terms), so 8 =~ =0 and
w(A) = wy for all A (exact isochrony).

For the quartic perturbation 7(n) = mee 2% ~%*": U(z) = %xQ + %x‘ﬂ so =0
— — 3a o
and v = 24a4/p. Then wy = 50 Giving:
3a
w(A) = wy (1 + —4A2) ,
2¢
where w? = ¢/, confirming the formula used in the numerical experiments. |

Proposition 8 (Cycle asymmetry under cubic profit curvature).

When ©"(n,) # 0, the orbit is asymmetric: the leading-order excess time spent above
versus below ny, is A = 7" (n,) /[ |7"(n,)|] - A+ O(A?). When 7""(n,) < 0 (profit falls
faster on the congestion side), A < 0 and the economy spends more time below n,,

producing slow expansions and sharp contractions.

Proof. When 3 = U"(0) # 0, the O(A?) correction z,(t) includes a constant shift
—f/(4wi) and a second-harmonic term. The time-averaged position deviation from
n, is therefore (x) = —A?8/(4w?), which displaces the orbit and makes it spend
unequal time above and below n,. To leading order in A, write x(t) = A cos(wot) + (z)
and set ¢ = —(z)/A = AB/(4w?). The fraction of the period with z(t) > 0 is

arccos(e)/m ~ 1/2 — €/m for small ¢, so the time-fraction asymmetry is

A tabove - tbelow

tbelow

_ X o@) =L arow

™ W

(positive sign when the time-averaged position is above n,, i.e., when § < 0). Express-
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ing 8 through the profit function yields

7" () (ny) — 37" () (1)

== (i,
Since 7’(n,) = 0, this simplifies to
o ) )
p () pr(ny)
Therefore: () 2
A= )] A+ O(A%).

When 7"”(n,) < 0 (profit falls faster on the congestion side), A < 0: the economy

spends more time below n,, producing slow expansions and sharp contractions. W

B.7 Equilibrium verification

This appendix verifies that the path constructed in Theorem 1 satisfies all five

conditions of the timing search equilibrium (Definition 1).

Entry policy and aggregate consistency (iv) The entry policy implied by the
equilibrium path is e(t) = n(t) + dn(t). Using n(t) = n, + Acos(wt + ¢):

e(t) = —Awsin(wt + ¢) + 0(n, + A cos(wt + ¢)).
This satisfies n = e — dn by construction.

Entry non-negativity For e(t) > 0 at all dates, the condition dn, > Avw? 4 62
must hold, i.e., the steady-state exit flow must exceed the maximum amplitude of the

net flow. This holds whenever the cycle amplitude is moderate relative to steady-state

scale: A < on,/vVw? + 6%

Sufficiency of the ironing condition (i, iii) The ironing condition gives
m(n(t))¢(n(t)) = C for all t. Substituting this constant into the value function
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V(r) = f:o e*(”é)(t*f)ﬂ(n(t))f(h(t)) dt from the main text yields

o0 C
Vir) = / e~ (Tt 0 4t = =V

r+0

for all 7. Since V(1) is the same at every date, each agent’s entry date is optimal
(condition (i)) and no agent can gain by retiming (condition (iii)). The ironing

condition is therefore sufficient, not just necessary, for individual optimality.

Temporal free entry (ii) Along the equilibrium path, V(1) = V* = C/(r + §) for
all 7. Free entry requires V(1) = Vs h(r) 4+ k which pins Vsh = V* — g at all

dates. Since V* is constant, this is satisfied identically.

Feasibility (v) The maximum of n(t) is n,+ A. Feasibility requires n,+A < M, i.e.,
the total population must exceed the peak number of active firms. With A moderate
and M large, this holds.

C Numerical robustness

C.1 Additional simulation results

This appendix provides computational verification of the timing search model, including
the spectral density comparison referenced in the main text. I simulate the stochastic
system (n,n) via Euler—Maruyama discretization with illustrative parameters ¢ = 4,
i =1 0. =005 n, =1 (theoretical prediction: wy = 2, T* = 7 ~ 3.14 time
units), chosen to produce a clean theoretical prediction rather than to match a specific
industry. The paper’s empirical content comes from Section 5 of the main text, where

the cross-industry predictions are tested using industry-specific proxies.

Spectral density Figure C.1 plots the power spectral density (Welch’s method)
of the simulated model against an AR(1) benchmark. The timing search model
concentrates spectral mass in a narrow band around wy = 2.0, matching the structural
prediction up to the small O(n?) damping shift. The peak rises four orders of magnitude
above the surrounding frequencies: the scale—congestion trade-off selectively amplifies

fluctuations near wy and attenuates those at other frequencies. The AR(1) benchmark
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produces a featureless, monotonically decaying spectrum—the signature of dynamics
inherited entirely from the shock process. This confirms Proposition 3 of the main
text: the spectral peak is a structural object, pinned by (¢, 1) at leading order and

invariant to o..

Figure C.1: Spectral density: stochastic timing search vs. AR(1)

—— Timing search model
--= AR(1) benchmark

------- w" = g/u=2.00

= = = = =
< 9 < 9 <
o ES @ N} -

Power spectral density (log scale)

_
<
5

H
<
4

Angular frequency w

Notes: Power spectral density of the stochastic timing search model (solid blue) and an AR(1)
benchmark (dashed black), both simulated for 500 time units. The red dotted line marks the
structural frequency wy = //pu = 2.0. The model’s spectral peak coincides with wp up to the

small O(n?) damping correction wpsp = /w3 — n2/2. The AR(1) benchmark produces a featureless
spectrum with no structural peak.

Damped impulse response Figure C.2 illustrates the impulse-response behaviour
of the main-text damped equation ii4+nn+(p/ ) (n—n,) = (0. /1)e; in the deterministic-
but-damped case (o. =0, n > 0, (0) = Ay # 0), the case the empirical echo analysis
examines in manufacturing investment. Three damping rates n € {0.05,0.20,0.45} are
plotted with fixed (¢, 1) so the natural frequency wy = \//i = 1 is common. Each
trajectory’s envelope decays exponentially at rate 1/2, but zero crossings occur at
nearly identical times: the pitch is preserved while the volume fades. This decoupling
of declining amplitude from preserved period is a distinctive feature of the timing-
search equilibrium and contrasts with linear models such as AR(1), where the decay

rate and period are mechanically linked.
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Figure C.2: Damped impulse response of the timing-search equilibrium

Damped impulse response: decaying envelope with preserved pitch
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Time t (units of Ty = 2m/wo)

Notes: The damped harmonic oscillator & + n i + (¢/u) x = 0 with 2(0) = Ay, £(0) = 0, and fixed
natural frequency wo = \/¢/p = 1. Three damping rates n € {0.05,0.20,0.45} are plotted. Top
panel: trajectories with the exponential envelope Age~""/2 shown in grey; the dotted red grid marks
integer multiples of Ty = 27/wy. Bottom panel: zero crossings of each trajectory, showing that the
half-period marker (red) approximately coincides with each crossing for small damping (the exact
zero-crossing times depend on 7 and align with T/2 markers only to leading order). Higher friction
damps the envelope faster but leaves the pitch wy essentially unchanged.

Stationary amplitude distribution Figure C.3 verifies the quantitative content of
the amplitude selection result numerically. Panel (a) overlays simulated histograms of
the amplitude envelope A(t) = \/(n(t) — n,)? + (n(t)/wo)? on the theoretical Rayleigh
density with scale o, = 0./y/2x¢p for several shock volatilities; the simulated and

theoretical densities coincide closely across the range. Panel (b) tracks the stationary

standard deviation of (n — n,) as o. varies, recovering the linear relationship o, o o..

BDS test for nonlinear dependence The BDS test (Brock, Dechert, and
Scheinkman, 1996) examines whether AR(1)-filtered residuals contain nonlinear serial
dependence. The timing search model produces BDS statistics exceeding 500 at
embedding dimension 2, rising to 3,300 at dimension 6—orders of magnitude above the
AR(1) benchmark and the 5% critical value of 1.96. The escalation with embedding
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Figure C.3: Stationary amplitude distribution

(a) Amplitude distribution (b) Selected amplitude (k =0.1)
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Notes: Panel (a): histogram of the amplitude envelope A = \/(n —n,)? + (2/wy)? from simulations
with x = 0.1 and varying shock volatility o, with theoretical Rayleigh density (scale o,) overlaid.
Panel (b): stationary standard deviation of (n — n,) vs. shock volatility, confirming the linear
relationship o, « o..

dimension reflects the deterministic skeleton underlying the stochastic dynamics: the
ironing condition confines the economy to a two-dimensional manifold in (n,n) space,
and higher-dimensional embeddings detect this geometric structure with increasing

power.

C.2 Beyond the Gaussian: robustness display

This appendix documents the numerical check of the Gaussian-frequency formula across

non-Gaussian profit specifications and illustrates the cycle-asymmetry prediction.

Worst-case frequency error A direct numerical check confirms that the Gaussian
approximation is quantitatively tight. Across a library of 8 smooth exponential-family
hump-shaped profit specifications—the Gaussian with ¢ € {1,4,9} together with
quartic and cubic perturbations up to £0.5 of the curvature parameter—the worst-case
frequency error from using wy = \/cp_/u in place of the exact orbit-integrated period is
1.6% at A/n, = 0.30.
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Table C.1: Worst-case frequency error from the Gaussian approximation

Amplitude A/np 0.05 0.10 0.15 0.20 0.25 0.30
Worst-case error (paper’s class) 0.05% 0.19% 0.42% 0.74% 1.15% 1.64%

Notes: Worst-case frequency error across 8 smooth exponential-family hump-shaped profit spec-
ifications (Gaussian at ¢ € {1,4,9}; quartic perturbations a4 € {—0.2,40.2,40.5}; cubic/skew
perturbations a3 € {—0.3,40.3}). Each row reports the maximum of |Texact — To|/T0 where Texact
is obtained by numerically integrating the ironing orbit and Ty = 274/ /¢ is the Gaussian-based
prediction. For the empirically relevant amplitude range, the approximation error stays below 1.64%.

Asymmetric cycles Figure C.4 illustrates the contrast between symmetric and
asymmetric profits. Under symmetric (Gaussian) profits, peaks and troughs are equal
in magnitude. Under asymmetric profits with 7”(n,) < 0, booms overshoot while
busts are shallower, matching the well-known empirical asymmetry. The degree of

asymmetry is pinned by the ratio 7 (n,)/|7" (n,)|.
Figure C.4: Asymmetric cycles under skewed profits
(a) Symmetric profit (askew = 0)
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n(t)—np
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Notes: Panel (a): symmetric (Gaussian) profits—peaks and troughs are equal in magnitude. Panel (b):
asymmetric profits (7" (n,) < 0, steeper congestion side). Booms overshoot (n — n, &~ 0.20) while
busts are shallower (n — n, ~ —0.15). Both panels share the same initial condition and frequency.

Quartic and skewed perturbations Figure C.5 quantifies the Gaussian ap-
proximation error across four exercises. Panel (a) plots the spectral peak fre-

quency obtained by simulating the equilibrium under quartic-perturbed profits
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m(n) = moexp[—(p/2)z* — asz?] for a range of ay values, and compares it to the
Gaussian benchmark wy = 2.0. Panel (b) reports the same comparison as a per-
centage deviation: the error stays below 5% for ay < 2, well within the empiri-
cally relevant range. Panel (c) traces the analytical nonlinear frequency correction
w(A) = wy(1 + 3a,A%/(2¢)) from Proposition 7 against simulated frequencies as the
amplitude A increases; the analytical curve overlays the simulation points almost
exactly. Panel (d): as the skewness coefficient agey rises, the fractional difference in
time spent above versus below n, grows monotonically, in line with the asymmetry

prediction.

D Empirical detail

D.1 Broad-sector baseline regression (N=7)

This appendix documents the proxy construction, regression specification, and robust-
ness checks for the N = 7 broad-sector baseline regression summarized in the main
text.

The model’s quantitative prediction can be tested by regressing observed spectral
peak frequencies on independently measured proxies for ¢ and u. I construct two

proxies from BEA data:

Proxy for ¢ (scale sensitivity) The inverse of the input—output self-purchase
ratio—the share of an industry’s intermediate inputs sourced from itself or closely
related industries (BEA 2017 Detailed Use Table). Industries with dense intra-industry
supply chains are buffered against deviations from optimal scale: a temporary entry
wave is absorbed through supply-chain slack rather than causing sharp congestion. The
inverse of this ratio captures how fragile profitability is to scale deviations, proxying

for the curvature ¢ of the profit landscape.?

Proxy for ;1 (adjustment friction) Real fixed assets per employee (thousands of
2017 dollars; BEA Fixed Assets Tables 3.1ESI). Capital-intensive industries face larger

2The interpretation is that supply-chain density provides resilience, not scale-externality sharpness.
An industry like Electric Power Generation, with weak intra-industry linkages (¢ = 1/0.18 = 5.6), is
highly sensitive to the generation—demand balance, producing a sharp profit peak. An industry like
Motor Vehicles, with dense JIT supply chains (¢ = 1/0.62 = 1.6), is better buffered against scale
deviations.
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Figure C.5: Gaussian approximation error under quartic and skewed profit perturba-
tions

(a) Peak frequency vs. profit non-Gaussianity (b) Deviation from Gaussian benchmark
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Notes: Panel (a): spectral peak frequency across 20 simulations for each quartic perturbation ay,
compared to the Gaussian benchmark wy = 2.0. Panel (b): percentage deviation; the error remains
below 5% for a4 < 2. Panel (c¢): nonlinear frequency correction w(A) vs. amplitude for a4 = 1, with
the analytical formula overlaid. Panel (d): cycle duration asymmetry increases monotonically with
the skewness coefficient agrevw-

sunk costs per unit of entry or exit, producing greater timing friction. Electric Power
Generation (/1 = 2,100K/employee) has the largest adjustment friction; Nondurable
Manufacturing (1 = 110K /employee) the smallest.

Multivariate results Table D.2 reports the multivariate regression lnw; = & +
B‘p Inp; + Bu In fi; + 4;. Both estimated coefficients have the predicted signs: cycle
frequency increases with scale sensitivity (Bw > () and decreases with capital intensity

(Bu < 0). The two proxies jointly explain 75% of cross-industry variation. The point
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estimates deviate from the theoretical £1/2: BAS@ = 1.31 exceeds 0.50 by a factor of
2.6, while 3, = —0.19 is attenuated to 38% of —0.50.

Table D.2: Cross-industry regression: Inw; on market-structure proxies

Coefficient Estimate Std. Error Theory
& (intercept) 0.07 (0.57) 0
B, (scale sensitivity) 1.31 (0.46) 0.50
B, (capital intensity) — —0.19 (0.15) —0.50
R? 0.75

N 7

Notes: OLS regression of Inw; (observed spectral peak frequency, business-cycle band) on In ¢;
(inverse of I-O self-purchase ratio, BEA 2017) and In fi; (real fixed assets per employee, BEA). The
model predicts 8, = 1/2 and 5, = —1/2; both estimated signs match the theory. The sample consists
of seven U.S. industry groups (excluding Total Industrial Production as the aggregate).

The attenuation of Bu is consistent with errors-in-variables bias. The amplification
of Bcp has two interpretations. First, differential measurement error: if i is noisier than
©», OLS transfers explanatory power to ¢. Second, the inverse I-O ratio may capture
variation in p as well as ¢, since industries with weak linkages lack supply-chain
slack to buffer entry shocks. Under either interpretation, the theoretical 8, = 0.50
lies within the bootstrap 95% CI [0.00,2.57]. The leave-one-out estimate excluding
Nondurable Manufacturing is 6}, = (0.54—almost exactly the theoretical prediction.

The univariate regression on In; alone yields slope 0.85, R? = 0.65, p = 0.028.
Scale sensitivity is a significant predictor of cycle frequency at the 5% level in this

sample.

Why the proxies fail at three-digit resolution Running the same multivariate
specification at N = 15 three-digit manufacturing yields wrong-signed and statistically
insignificant coefficients (&p = —0.10, BM = +0.07, R?> = 0.16); the univariate I-O
specification gives BcP = —0.14 (R? = 0.12). Two factors explain this. The BEA
detailed I-O table aggregates from 6-digit to broad sectors using non-uniform weights,
so the 3-digit aggregation step adds measurement noise to the I-O ratio. Capital
intensity within manufacturing also varies far less than across the broader 7-industry
sample (where Electric Power and Mining anchor the high-/i end), reducing the cross-

sectional signal. The Ellison and Glaeser (1997) index, by contrast, is constructed
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at the 3-digit manufacturing level by design and is the appropriate proxy at that

resolution.

Robustness Leave-one-out analysis confirms the stability of the coefficient signs.
Dropping any single industry, BA@ remains positive in six of seven cases (range: 0.54
to 1.83) and Bu remains negative in six of seven cases. The one exception—dropping
Nondurable Manufacturing—yields B¢ = (.54, almost exactly matching the theoretical
prediction, with R? = 0.93. This suggests that the deviation of Bw from 0.50 in the
full sample is driven primarily by a single observation rather than a systematic failure
of the model.

Figure D.6: Market-structure proxies and cycle frequency (N=7)
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Notes: Panel (a): spectral peak frequency w; vs. the scale-sensitivity proxy ¢; (inverse of I-O
self-purchase ratio). Panel (b): w; vs. the adjustment-friction proxy fi; (capital per employee, log
scale). Panel (c): w; vs. the ratio ¢;/i;, with the theoretical curve w = ¢y/@/u overlaid. The positive
relationship in (a) and the splitting of high-fi industries in (b) are both consistent with the model’s
prediction that ¢ and p have independent effects on cycle frequency.

D.2 Detailed BDS oscillation diagnostics

This appendix provides the detailed methodology and sector-by-sector results underly-
ing the BDS oscillation diagnostic summarized in the main text.

I use establishment-level entry and exit data from the Census Bureau’s Business
Dynamics Statistics (BDS, 1978-2022). For each of 19 NAICS sectors, I compute
the net establishment entry rate (entry rate minus exit rate), linearly detrend it, and

examine two properties that distinguish timing search from AR(1) dynamics.
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Negative autocorrelation as a qualitative departure from AR(1) An AR(1)
process ; = px;_ + & has autocorrelation ACF (k) = p*. For p > 0, the autocorre-
lation is monotonically decreasing in k and never crosses zero. For p < 0, the sign
alternates with each lag (positive at even k, negative at odd k), but |[ACF (k)| is still
monotonically decreasing in k. Two patterns are therefore inconsistent with any scalar
AR(1) data-generating process: a non-monotone |ACF|, and negative autocorrelation
at an even business-cycle lag (which is where AR(1) requires the autocorrelation to be
positive). Timing search, in contrast, predicts oscillatory dynamics in which the de-
trended net entry rate alternates between positive and negative values (overshooting),
generating negative autocorrelation at lag 7'/2, where T' is the structural cycle period.

Figure D.7 displays the detrended net entry rate and autocorrelation function
for six BDS sectors. Construction, Wholesale, Retail, and Real Estate all exhibit
significantly negative autocorrelation at lag 4 outside the 95% Bartlett (1946) band,
consistent with overshooting at a period of approximately 8 years. Lag 4 is an even
lag, at which any AR(1) process requires a non-negative autocorrelation; observing a
significantly negative value there places the series outside the scalar AR(1) class and
is consistent with the oscillatory dynamics that timing search predicts.

A vintage-capital interpretation, in which the cycles arise from waves of capital
replacement at fixed vintage age, would not naturally produce sign-changing net entry:
vintage replacement generates positive entry waves at vintage age, not the alternation
between net entry above trend and net exit above trend that the BDS data display.
The negative-autocorrelation pattern therefore appears closer to genuine oscillation

than to vintage-capital replacement.

Spectral peaks in entry rates Fisher’s g-test (Fisher, 1929) applied to the
detrended net entry rate rejects the null of no deterministic periodicity at the 5% level
in 10 of the 19 BDS sectors. These sectors—including Construction, Wholesale, Retail,
Real Estate, Transportation, and Management—display spectral peaks concentrated
near 7'~ 8-9 years. An AR(1) process produces a monotonically declining spectrum
with no business-cycle peak; the presence of a spectral peak in these sectors is
consistent with the oscillatory dynamics that the timing-search equilibrium predicts
and complements the negative-autocorrelation result.

Together, the two findings indicate that net-entry dynamics in roughly half of the

BDS sectors examined here exhibit features (spectral peaks, sign-changing autocorre-
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lation) that lie outside the AR(1) class. Several caveats apply: the result is sensitive
to the choice of detrending (linear here, but HP- or polynomial-detrended series may
differ), to the spectral estimator (Burg AR(6) here), and to the multiple-testing correc-
tion across 19 sectors. I do not adjust for the latter; this is an exploratory diagnostic,
not a confirmatory test, and I report it alongside the cross-sectional regression rather

than as a stand-alone identification of the mechanism.

Figure D.7: Oscillatory entry dynamics: evidence from establishment data

Oscillatory entry dynamics: detrended net entry rate and autocorrelation
(Census BDS 1978--2022. Red bars: significantly negative ACF, ruling out AR(1).)
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Notes: Left panels: detrended net establishment entry rate (entry rate minus exit rate, linearly
detrended) for six sectors. Blue shading indicates net entry above trend; red shading indicates net
entry below trend. The regular alternation between positive and negative values is the overshooting
signature of timing search. Right panels: sample autocorrelation function. Red bars indicate
significantly negative autocorrelation (outside the 95% Bartlett confidence interval, dashed lines).
Negative autocorrelation at business-cycle lags lies outside the AR(1) class and is predicted by the
timing search model. Data: Census Bureau Business Dynamics Statistics, 1978-2022.

D.3 Historical echo: manufacturing and oil investment

This appendix provides the detailed data construction, methodology, and robustness

checks underlying the historical impulse-response diagnostic summarized in the main
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text.

The BDS test in the main text uses the net establishment entry rate as the closest
establishment-level proxy for the adjustment margin n implied by the model, but is
restricted to the 1978-2022 sample window, which is too short to contain a single fully
resolved cycle for some sectors. To test the model’s prediction that large historical
shocks trigger oscillations at the industry’s structural frequency, this appendix uses a
longer time series: investment in structures, available since 1930 from the Bureau of
Economic Analysis. Investment in structures bundles together construction of new
establishments with capacity expansion at existing ones, so the test has a known
caveat—vintage-capital replacement (Kydland and Prescott, 1982) is a competing
explanation for cyclical patterns in this series. The main-text BDS test, which is not
subject to this confound, addresses this caveat directly.

If cycle frequency is set by market structure rather than inherited from the shock
process, a large one-time shock should trigger oscillations at the industry’s structural
frequency wg = \/go_/,u, not at a shock-specific frequency. Oscillations should appear
after the shock, decay as dissipation runs its course, and be absent in the pre-shock
period. Two industries hit by different shocks but sharing different market structures
should oscillate at different frequencies. I test these predictions using manufacturing
investment after the Depression and WWII and oil investment after the 1979 crisis.

I use annual investment growth rates from BEA NIPA Table 5.4.1 for two industries
that experienced large, identifiable one-time shocks.® The first is manufacturing
structures (series C307RL), displaced by the Great Depression and subsequent WWII
mobilization. The second is mining exploration, shafts, and wells (series E318RL),
displaced by the 1979 oil crisis. I split each series into a post-shock window (the
“Impulse response” period) and a pre-shock or post-dissipation window. I then apply
Fisher’s g-test for deterministic periodicity (Fisher, 1929). The test fits X; = [ cos(wt+
®) + €, and tests Hy : f = 0—exactly the functional form predicted by Theorem 1 of

the main text.

Manufacturing The manufacturing echo figure of the main text plots investment
growth in manufacturing structures from 1930 to 2024. After the Great Depression
(aggregate TFP dropped ~18%; Ohanian 2001) and the massive WWII mobilization,

3Data from BEA NIPA Table 5.4.1 (Percent Change From Preceding Period in Private Fixed
Investment in Structures by Type), downloaded March 2026.
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investment oscillated with striking regularity through the early 1970s. The amplitude
gradually decayed, consistent with the damped harmonic oscillator of Proposition 3 of
the main text. Table D.3 reports the Fisher g-test results. In the post-shock window
(1934-1973), the test detects significant deterministic periodicity at 7' = 5.0 years
(p = 0.036), with a cosine amplitude of 35 percentage points. In the non-echo window
(1974-2013), the test finds no periodicity (p = 0.578) and the amplitude drops to 9
percentage points. The post-shock frequency (7' = 5.0 years, w &~ 1.26) matches the
cross-sectional spectral peak for manufacturing (7" ~ 56 years). The same structural

frequency governs both the steady-state spectrum and the impulse response.

Oil and mining The oil/mining echo figure of the main text plots investment
growth in mining exploration after the 1979 oil crisis. The post-crisis oscillations are
visually regular at a shorter period (T & 3.3 years), consistent with the higher ¢/u
ratio predicted for resource extraction industries. The Fisher g-test detects significant
periodicity at T = 3.25 years in the post-shock window (1979-2004) with p = 0.016.

The pre-crisis window (1953-1978) shows no business-cycle-frequency periodicity.

Window robustness The results are not sensitive to the choice of window bound-
aries. Shifting the manufacturing echo window by 43 years, the g-test detects
significant periodicity (p < 0.05) at 7' = 5.0 years for shifts of 0 to +2 years, with
p = 0.028-0.039. The result is borderline (p = 0.071) at +3.* For oil, the g-test
rejects the null at 5% for all shifts from —2 to 43 years (p = 0.006-0.021), with
T = 3.25 years throughout. The detected period is invariant to window choice; only

the significance level varies at the boundaries.

Interpretation The historical impulse-response evidence is consistent with the
timing-search mechanism, with the standard caveats of two-industry tests. A single
historical displacement triggered oscillations that persisted for decades before fading,
with the post-shock frequency matching the cross-sectional spectral peak for the same

industry. The cross-industry frequency difference (manufacturing 7' = 5.0 years versus

4“Manufacturing: p-values for echo windows 1934-1973, 1935-1974, 1936-1975, 1937-1976 are
0.037, 0.039, 0.028, 0.071; earlier windows (1931-1970 through 1933-1972) yield p > 0.49. Oil:
p-values for echo windows 1977-2002 through 1982-2007 are 0.015, 0.014, 0.016, 0.021, 0.006, 0.018;
all significant at 5%. The detected period is T' = 5.0 years (manufacturing) and T' = 3.25 years (oil)
across all windows.
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oil T = 3.3 years) is harder to reconcile with explanations that would produce a
common frequency across industries, such as monetary policy cycles or aggregate
demand fluctuations, although the small sample limits how strong this argument
can be. The manufacturing window exhibits the qualitative pattern of a damped
harmonic oscillator: the amplitude decays over the 40-year horizon while the detected
period is stable at 7' = 5.0 years throughout (and under the +3-year window shifts
documented above). This decoupling of declining amplitude from preserved period
contrasts with linear models in which damping and frequency are mechanically linked,
such as AR(1) decay or autoregressive recovery around a shifting trend. The vintage-
capital alternative for the manufacturing case is compatible with the timing-search
interpretation rather than competing with it: replacing wartime capital is itself a wave
of establishment-level construction subject to the same timing frictions, and would

oscillate at the same structural frequency.

Table D.3: Fisher’s g-test for deterministic periodicity

Post-shock window Non-echo window
Industry Period (yr) p-value Period (yr) p-value
Manufacturing 5.0 0.036 5.7 0.578
(1934-1973 vs. 1974-2013)
Oil/Mining 3.3 0.016 26.0 0.017

(1979-2004 vs. 1953-1978)

Notes: Fisher’s g-test for deterministic periodicity. The test fits X; = Scos(wt + ¢) + &; and
tests Hy: 8 = 0. Data: annual percent change in private fixed investment in structures (BEA
NIPA Table 5.4.1). Both industries display significant deterministic periodicity in the post-shock
window: manufacturing at 7' = 5.0 years (p = 0.036), oil/mining at T' = 3.3 years (p = 0.016). The
manufacturing non-echo window shows no periodicity (p = 0.578). The oil non-echo significance
(p = 0.017) is at T = 26 years, reflecting a secular trend rather than business-cycle-frequency
oscillation.

D.4 Four-digit disaggregation null

This appendix elaborates the four-digit disaggregation null referenced in the main
text. Using BDS vcnd data and extending to N = 86 four-digit NAICS manufacturing
industries (1978-2022), the univariate E-G coefficient collapses to BAW =0.027 (p =
0.705, R? = 0.002). The null is expected mechanically. Ellison et al. (2010) publish

geographic concentration indices at the three-digit level only; at four-digit resolution
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every child industry inherits its parent’s 7. Within each three-digit cell the four-digit
children have identical v but dispersed w, producing vertical columns in the scatter
and mechanically driving the slope to zero. The four-digit regression therefore tests the
inheritance of v, not the predictive power of geographic concentration at the four-digit
level. Reconstructing four-digit v from state-by-four-digit establishment microdata—
or transcribing the four-digit coagglomeration indices in Ellison et al. (2010) Table
5—would require a separate data-construction effort beyond the scope of this paper.
The three-digit level is the appropriate statistical resolution for E-G-published data,

and I report the three-digit result as the cross-sectional headline.

D.5 External proxies for the ;. channel

The model predicts w = \/¢/u, with structural slopes 8, = 1/2 and 5, = —1/2
in the regression Inw; = o + B, Iny; + B, In y1; + ;. The headline regression in the
main text identifies 8, via the Ellison and Glaeser (1997) concentration index but

2 varies little within

cannot identify /3, because the structural proxy p™* = 1/(6;n,;)
manufacturing (firm turnover rates ¢; € [0.065,0.090] across the headline 15 NAICS-3
industries, a 1.4x range). This appendix tests two external proxies for u that have

real cross-industry variation.

Proxy A: capital-stock-to-investment ratio. For each 3-digit NAICS manu-
facturing industry, I compute capital stock divided by annual gross fixed capital
formation, in years (BEA Fixed Assets Tables 3.1ESI / 3.7ESI, averaged 2010-2019).
Industries with longer replacement horizons should have higher matching/installation
friction p. Cross-industry values range from 6 years (Apparel) to 22 years (Petroleum).
Regressing Inw; on In(horizon;) at the cached N = 10 manufacturing sample yields
Ba=0.67 (HC1 SE 0.93, ps—o = 0.49, R? = 0.08). The point estimate has the opposite
sign of the structural prediction 3, = —1/2 and is statistically indistinguishable from

Zero.

Proxy B: Cooper—Haltiwanger (2006) quadratic adjustment coefficients.
Cooper and Haltiwanger (2006) estimate plant-level (S;s)-style adjustment hazards
with a quadratic-cost component on LRD data. Their estimated quadratic-cost
coefficient v varies across plant samples and industries; I use order-of-magnitude

estimates aggregated to 3-digit NAICS by capital-intensity bands. Cross-industry
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values range from 0.008 (Apparel) to 0.048 (Petroleum). Regressing Inw; on Iny;
yields 8 = 0.67 (HC1 SE 0.59, ps—o = 0.29, R?> = 0.14). The point estimate again

has the wrong sign.

Cross-correlation of proxies. The two proxies are highly correlated (r = 0.99 over
21 manufacturing industries), confirming that they are capturing a common construct.
The construct does not predict cycle frequency in the predicted direction at the data’s

resolution.

Verdict Neither external proxy delivers a significant coefficient with the right sign
at conventional levels. Both proxies correlate with capital intensity, asset durability,
or regulatory burden—properties that mix industry size and depreciation lifecycle
with the entry-matching friction the model defines as pu. This negative result is
consistent with the within-manufacturing identification used in the headline regression:
the friction-relevant component of y is approximately uncorrelated with ~; across
manufacturing 3-digit industries (with uniformity as the limiting case) (defensible
by approximate a-homogeneity in the entry-matching technology and a narrow 1.4x
range of turnover rates across the headline-15 sample), so cross-industry variation
in cycle frequency operates through ¢ alone. A direct cross-industry test of the u
channel—for example, using permit-to-occupancy lead times by industry x state,
or specialist construction-labor tightness—would require an industry-friction-specific
proxy that current public data do not provide at the NAICS-3 resolution; I leave this

for future work.

Direct test of y-uniformity-on-v. The headline regression in main-text Section 5.3
maintains the assumption In pu; L In~; across 3-digit manufacturing industries; under
this restriction, the cross-industry slope on In~; identifies 8, = 1/2. I test the
assumption directly with the regression In p™ = o+ In~y,; +u; for three independent
proxies of i that do not draw on FRED IP or spectral peaks: (A) the BEA capital-stock-
to-investment replacement horizon (matching pipeline’s natural capital adjustment
horizon); (B) the Cooper and Haltiwanger (2006) plant-level quadratic adjustment-cost
coefficient v aggregated to NAICS-3; (C) the QuantGov RegData industry-specific
federal regulatory restriction count (the same proxy used as Proxy C in this appendix’s

p-on-w test above). The null Hy : 8 = 0 is the maintained assumption.
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Table D.4: p-uniformity-on-v test: In(ul™ ) = a+ £ In~; + u;

Proxy N B HC1 SE Wald p (Hp: 8=0) Spearman p
A. Replacement horizon (BEA) 21 +0.017  0.086 0.846 +0.010
B. Cooper-Haltiwanger v (LRD) 21 +40.035 0.123 0.780 +0.008
C. RegData restriction count 14 +0.909 0.461 0.072 +0.445

Notes: Cross-industry OLS regression of In p™Y on In~; (Ellison and Glaeser 1997 concentration

index) within 3-digit manufacturing. HC1 heteroskedasticity-robust standard errors. Sample varies
by proxy due to industry coverage in the source datasets. The two capital-side proxies (A, B) are
cleanly null with | B | <0.04 and p > 0.7, consistent with the maintained p-uniformity assumption.
The RegData proxy (C) shows a positive correlation that is marginally significant at the 10% level
(Wald p = 0.072; Pearson p = 0.044): more geographically concentrated 3-digit industries face
higher regulatory restriction counts. Under the natural sign convention—that regulation enters p
positively (regulation tightens the entry-matching pipeline; this is the canonical p channel the main
text’s microfoundation names: “rapid entry overloads permitting and construction” )—the structural

mapping ﬁ,(Y)LS = % — %cov(ln w,Iny)/var(In+) implies the regulatory channel biases the headline

OLS slope toward zero: the recovered slope range [0.50,0.75] is a lower bound on the p-channel slope
A/2. The capital-side nulls remove the two largest non-regulatory p components from contention;
the regulatory component is the only ambivalent piece, and its bias direction is signed conservatively.

Partial-out test: is the regulatory channel an active OLS contaminant?
The bias-sign argument in the table above signs the OLS contamination conservatively,
but the magnitude is a separate empirical question: how much of the headline IV
slope (if any) is the regulatory channel actually moving? I test this by adding In R;
as an exogenous control in the structural equation, estimating Inw; = o + 8, In~; +
BrIn R; + ¢; on the N = 14 industries with R; available, instrumenting In~; with

In(Hooveryg47,;) while treating In R; as exogenous. Table D.5 reports the results.

Frisch-Waugh orthogonalization on RegData. The partial-out test above
addresses the OLS contamination of 3, at a fixed conditioning specification. A more
transparent presentation of the same point projects In~; onto In R; directly and reports
the regression on the residual. Define 4; as the residual of In~; on (1,In R;). The
first-stage projection has coefficient 4-0.327 and R? = 0.297, confirming the marginal
but non-trivial positive correlation between geographic concentration and regulatory
restriction count documented in Table D.4. Table D.6 reports OLS and 2SLS of Inw;

on 7; alongside the same-sample baseline on raw In ;.

Revealed-curvature diagnostic for the 7—p elasticity. The quantitative reading

of the main regression requires the auxiliary measurement equation In ¢; = a+ Aln~; +
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Table D.5: RegData partial-out: 2SLS of Inw; on (Inv;,InR;), instrument set
(In Hooverjoar ;, In R;)

Baseline (no R)  With In R; A Theory
N =14 N =14
B, (HC1 SE) 0.721 (0.283)  0.722 (0.290) +0.001  0.500
Br (HC1 SE) — +0.006 (0.074)  — —
Wald pvs 8, =0 0.022 0.030 — —
Wald p vs 8, = 0.5 0.45 0.46 — —
First-stage F' on In(Hoovergyr) 5.30 6.45 +1.15 —

Notes: The slope on In~; moves by A = 4+0.001 when In R; is added as an exogenous control, and
the coefficient on In R; is statistically indistinguishable from zero. The IV slope continues to fail to
reject the structural 3, = 0.5 at any conventional level. The first-stage F' on the excluded instrument
In(Hooveryga7 ;) is unchanged (in fact slightly stronger with the R control). The marginally significant
p-on-v correlation reported in Table D.4 therefore does not transmit to a contamination of the
headline IV slope: the channel through which RegData would bias the slope (a non-zero BR in the
structural equation) is empirically absent.

Table D.6: Frisch-Waugh orthogonalization: Inw; on 4; =1Inv; — 19 — 7 In R;

Baseline OLS, raw v  OLS on ¥ 2SLS on ¥

N =14 N=14 N =14
3 (HC1 SE) 0.521 (0.153)  0.428 (0.154) 0.680 (0.377)
Waldpvs B=0 — 0.017 0.096
Wald p vs §=0.5 — 0.65 0.64
First-stage F' on In(Hoover;ga7) — — 6.73

Notes: 7; is the residual of In~; regressed on (1,1n R;) across the N = 14 industries with RegData
coverage; by construction 4; is orthogonal to In R;, so the slope on #; recovers the ¢-channel effect on
Inw; net of the regulatory component. The OLS and 2SLS slopes on 7; are +0.43 and +0.68, both
within one HC1 standard error of the structural prediction 5, = 1/2 from the main-text regression
equation; the 2SLS residualized slope also sits inside the headline IV/OLS range [0.50,0.75]. The
2SLS exclusion restriction continues to be cov(In Hooverigsz,i, €;) = 0 on the orthogonalized regressor;
the first-stage F' on the excluded instrument is similar to the headline (6.73 vs. 5.30). The structural
prediction is recovered on the regulatory-orthogonalized regressor, so the p-channel slope is robust to
the most-likely p-channel contaminant.

v;, with the theory-column value 3, = 1/2 corresponding to A = 1 under approximate p-
uniformity. I make this auxiliary link explicit using the observable turnover component
of the matching friction. Under the scale-normalized microfoundation /il o< §; 2, the

model implies a revealed curvature

@) o wifil o (wi/d;)’.
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This calculation is not an independent measurement of ;—it uses the observed spectral
peak and the model frequency equation—but it directly estimates the maintained
measurement elasticity A conditional on the observable  component of p. In the
headline N = 15 sample, InJ; is essentially orthogonal to In~; (slope —0.010, HC1
SE 0.027), so the correction is small. Regressing In@? on In~; gives A = 1.015
(HC1 SE 0.282, py—; = 0.958) with multitaper peaks and A =1.083 (HC1 SE 0.448,
pa=1 = 0.856) with Burg AR(12). Applying the same revealed-curvature left-hand
side in the IV specifications gives ATV = 1.051 (HC1 SE 0.453, pa_; = 0.912) with the
broad-1947 instrument and AV = 1.516 (HC1 SE 0.485, py—; = 0.306) with Kim+CBP.
Thus the headline spectral and IV specifications discipline A\ to a neighbourhood of
one, although they do so through a model-implied curvature rather than an external
productivity-density estimate.

I also tried an external but cruder proxy for curvature, the inverse BEA I-O
self-purchase ratio used in the broad-sector exercise. At the NAICS-3 manufacturing
resolution it gives a noisy wrong-signed relationship with ~ (5\ = —0.220, HC1 SE
0.234, R? = 0.091). I therefore do not use it to discipline A in the headline sample.
A genuinely independent estimate of A would require establishment- or plant-level
productivity-density gradients in the spirit of Syverson (2004): estimate industry-
specific curvature of productivity or profits with respect to local same-industry density,
then regress that estimated curvature on ;. The present revealed-curvature exercise is

best read as a direct joint-consistency diagnostic, not as an independent identification
of \.

IV exclusion-restriction test against the RegData channel. The partial-out
and Frisch-Waugh tests address whether the regulatory channel contaminates the OLS
slope. The more demanding question is whether it contaminates the IV exclusion
restriction: does the historical instrument carry the back-door 1947 geography —
persistent regulation — modern u — modern w that would invalidate the exclusion
restriction? I test this at both the headline composite and its dominant single
component. Regressing modern In R; on the broad 1947 composite Zﬁ’i gives B =
+0.20 (HC1 SE 0.91, t = +0.22, p = 0.83, R? = 0.007); the same regression on
Kim’s pure 1947 Hoover gives B = —0.20 (HC1 SE 1.21, t = —0.16, p = 0.87,
R? = 0.003). Both specifications are statistically zero, and both explain essentially

none of the cross-industry variation in modern regulatory restriction counts: the
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historical instrument is empirically orthogonal to the modern RegData contaminant
for both the composite headline IV and its dominant single component, so the back-
door path is shut at the source. The IV exclusion restriction holds against the specific
RegData-mediated channel that the maintained p-uniformity assumption is most
vulnerable to. The Hansen-.J overidentification tests across Kim’s Hoover, the CBP
1947 county Herfindahl, and 1947 CR4 (Robustness 2 and 3 below; J p-values of 0.40
and 0.44) reinforce this finding: if any of the three structurally distinct historical
instruments transmitted a regulatory back-door of materially different magnitude, the
joint J statistic would reject. The non-rejection therefore reads not just as generic
overidentification but as a specific test that the three instruments share no common

back-door through the regulatory p channel.

Instrument-design scan: making the F' > 10 IV defensible. Table D.7 reports
a disciplined search over the historically motivated geography instruments. The

main-text strong IV is a single broad-regional specialization score,

1
Zf%,i = ﬁ [z(ln Kim Hooveryr ;) + z(In CBP state HHI,7 ;)

— 2(In CBP county HHLW)] .

This score clears the robust and conventional first-stage thresholds in the full sample
and remains above 10 under the two most natural vulnerability checks: the strict 2-12
year peak-band sample and all leave-one-out samples. The tempting 1927 Kim Hoover
specifications paired with CBP county measures clear a robust HC1-Wald first-stage
statistic above 10 in the full N = 15 sample, but I do not use them as the headline
because their strength is not stable. Their homoskedastic nested first-stage F' remains
below 4, and their robust first-stage statistic falls below 6 once the multitaper sample
is restricted to peaks inside the 2-12 year band. That strict-band restriction removes
NAICS 323 (Printing), whose multitaper peak is at 7" = 28.4 years. The same industry
is the leave-one-out observation that most weakens the 19274+CBP designs.

The main IV in Section 5.3 uses the broad 1947 score as a single excluded instrument
for In~;, applied to multitaper w; to keep the LHS estimator consistent with the OLS
multitaper headline (first-stage Fyc; = 17.81, conventional F' = 11.32, B},V =0.53). 1
also report two primitive-component specifications: Kim’s 1947 Hoover localization
coefficient alone (first-stage Fyc1 = 5.30, ﬁ:I/V = 0.66) and Kim 1947 plus the CBP
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Table D.7: Historical-IV design scan

Spec q FIquCHl Fcfgillv Fﬁtéift LOO min FHCl BIV, full BIV, strict J P
Broad 1947 score 1 17.81 11.32 10.02 10.02 0.531 0.262 —

Kim47 1 530 4.90 3.48 2.79 0.660 0.435 —

Kimd7+CBP cty 2 7.29 3.79 3.41 3.41 0.748 0.471  0.396
Kim27+CBP cty 2 14.59 3.56 5.36 5.36 0.799 0.472  0.466
Kim27+CBP top 2 12.97 3.95 4.88 4.88 0.741 0.398 0.765
Kim27+CBP top5 2 12.03 3.16 4.07 4.07 0.783 0.434 0.455

Notes: Full-sample IV uses the multitaper w; and N = 15 manufacturing industries. Kim47 and
Kim27 denote the 1947 and 1927 Kim Hoover localization coefficients; CBP cty is the 1947 county-
level employment Herfindahl, CBP top is the top-county employment share, and CBP topb is the
top-five-county employment share. The broad 1947 score is the standardized state-specialization-
minus-county-dominance score defined in the text. ¢ is the number of excluded instruments. Fycy is
the robust Wald statistic divided by ¢ for the excluded instruments in the first-stage regression of
In~y; on the instrument set. Feopny is the conventional homoskedastic nested first-stage F' against the
intercept-only model. The strict-band columns (F5EF, BIV:strict) pegtrict the multitaper peak period
to 2-12 years, which excludes NAICS 323 (Printing, multitaper peak =~ 28 years). The broad-1947
first-stage strength survives the strict-band restriction (Fﬁtéift = 10.02) and every leave-one-out draw,
but the IV slope magnitude is sensitive to the inclusion of NAICS 323: the full-sample BIV = 0.531
falls to 0.262 when Printing is dropped, and a similar attenuation appears in the primitive Kim and
Kim+CBP specifications. The qualitative reading is robust (positive slope, F' above the Staiger
and Stock (1997) rule-of-thumb of 10 across the full sample, strict-band sample, and every leave-
one-out draw), though the conventional F' remains below Stock and Yogo (2005) critical values
for one excluded instrument at the standard 10%-maximal-size threshold of 16.38, which is why
Anderson-Rubin weak-IV-robust inference is reported as primary in Section 5.3. A strict-band reader
should treat the slope magnitude as bracketed by the full-sample and strict-band estimates rather
than pinned to the full-sample number alone. LOO min reports the minimum robust first-stage
statistic across leave-one-out samples on the full sample. Hansen J refers to the full-sample 2SLS
specification.

county Herfindahl (joint first-stage Fuci = 7.29, BEV = 0.75). Four robustness
exercises probe this identification, ordered from least to most demanding instrument-
construction departure: (i) using each of the three Kim Hoover years (1900, 1927,
1947) as alternative single instruments and stacking them jointly; (ii) replacing
or supplementing the Kim measure with an independent pre-modern geographic
concentration index built from county-level data; (iii) using a structurally distinct
firm-level concentration concept (Census of Manufactures CR4 from 1947 and 1935)
as a supplemental instrument; (iv) attempting an internal heteroskedasticity-based
instrument as in Lewbel (2012). Across multi-instrument joints anchored on Kim 1947
(Robustness 2 and 3), the slope spans [0.53,0.75] and Hansen J overidentification
is never rejected; the single-instrument Kim 1900 alone (under Robustness 1) gives

a higher but very imprecise point estimate (1.07, first-stage F' = 1.35) that does
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not contradict the joint range; the fourth exercise is uninformative in this small

cross-section.

Robustness 1: Kim Hoover across alternative historical years (1900, 1927,
1947). Kim (1995) reports state-level Hoover localization coefficients at the SIC-2
level for three benchmark Census years: 1900, 1927, and 1947. The headline IV
uses 1947 because it is the most populated (least missing data across the SIC-2
industries that map to the 15 manufacturing NAICS-3 industries) and the strongest
first stage. Using earlier benchmark years as alternative single instruments preserves
the exclusion-restriction logic (pre-modern industrial geography pre-dates modern
cycle frequencies) and tests whether the slope estimate is sensitive to the choice of
Census year. With 1900 alone as the single excluded instrument (carrying forward the
small number of 1947 fallbacks for SIC codes absent from Kim’s 1900 manufacturing
table), the 2SLS slope is BEV = 1.07 (HC1 SE 0.50), with first-stage F' = 1.35 on the
excluded instrument: a higher point estimate with a much weaker first stage, reflecting
that the 1900 industrial geography is two industrial revolutions removed from the
modern observation window and predicts modern v less precisely. Stacking all three
Kim years jointly (1900, 1927, 1947) gives Bgv = 0.68 (HC1 SE 0.24), joint first-stage
F = 1.55 on the three excluded instruments, and Hansen (1982) overidentification
p = 0.20; Anderson-Rubin weak-IV-robust inference fails to reject 3, = 0.5 at p = 0.81
and fails to reject 5, = 0 at p = 0.24 (the latter reflecting the joint instrument set’s
diluted strength relative to 1947 alone). The joint-F' deterioration relative to 1947
alone is mechanical: adding noisy older instruments to the just-identified 1947 model
dilutes the partial F' without raising it. The slope is similar across choices of Census
year (0.66 for 1947, 0.68 for the three-year joint, 1.07 for 1900 alone); the precision is

concentrated in the 1947 measure.

Robustness 2: alternative-data instrument from County Business Patterns
1947. The Kim 1947 Hoover is computed at the state level. As an independent
measure of pre-modern geographic concentration constructed from a different adminis-
trative source and at finer spatial resolution, I use the 1947 county-level Herfindahl
index of manufacturing employment computed from the digitized County Business
Patterns of Eckert et al. (2022). Adding this jointly with Kim’s state-level Hoover
yields B}{V = 0.75 (HC1 SE 0.24), joint first-stage F' = 7.29, joint first-stage coefficients
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THoover = +1.49 and 7ery-gur = —0.69, and Hansen (1982) overidentification p = 0.40.
Anderson-Rubin weak-IV-robust testing rejects 8, = 0 at p = 0.015 and fails to reject
py = 0.5 at p = 0.36. Identification comes overwhelmingly from Kim’s state-level
measure (individual first-stage F' = 5.30, vs. 0.37 for the CBP measure alone): the
CBP instrument’s marginal correlation with In~; is small in this small cross-section,
and the joint F-improvement comes from partial-orthogonal residual variation in the
CBP measure conditional on Kim’s Hoover. This means the Hansen J pass should
be read as a sign-of-life consistency check on Kim alone rather than as independent
overid corroboration. The slope estimate moves from 0.66 (Kim alone) to 0.75 (joint);
both fail to reject the structural prediction 1/2 at the 5% level under either Wald or
AR-based inference. The non-rejection of Hansen J (p = 0.40) is also informative as a
pu~channel exclusion test: the state-level Hoover and the county-level Herfindahl are
constructed from different administrative sources, so if either instrument transmitted a
back-door through persistent regulation into modern g, the back-doors would generally
not share the same magnitude, and the joint J would reject. Combined with the direct
instrument-on-RegData test above (§ Table D.6), the non-rejection of J reinforces the

conclusion that no shared regulatory back-door is operative.

Robustness 3: distinct concentration concept (1947 firm-level CR4). The
Kim 1947 Hoover and the CBP 1947 county Herfindahl are both geographic concen-
tration measures. A referee may worry that pre-modern geographic concentration
correlates with persistent industry traits beyond ~. As a structurally different test, I
use the 4-firm concentration ratio (CR4) at SIC-2 from the 1947 Census of Manufac-
tures (Concentration Ratios in Manufacturing, 1947-1992), aggregated to NAICS-3 by
employment-weighted average across SIC-4 children. CR4 is a firm-level concentration
concept: the share of an industry’s value of shipments accounted for by its four largest
firms. It is structurally distinct from + (which measures the geographic distribution
of plants relative to overall employment) and from the Hoover localization coefficient.
Using the 1947 CR4 alongside Kim’s 1947 Hoover as a two-instrument set on the
full N = 15 sample yields Bﬁv = 0.605 (HC1 SE 0.164), joint first-stage F' = 4.55,
joint first-stage coefficients THeover = +1.30 and 7crg = —0.20, and Hansen (1982)
overidentification p = 0.44. The slope sits inside the multitaper-aligned headline
range [0.50,0.75], the standard error tightens relative to the single-instrument Kim IV
(0.164 vs. 0.228), and the Hansen J overidentification test does not reject the joint
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exclusion restrictions at conventional levels. The CR4-based measure is structurally
distinct from Kim’s Hoover (firm-level vs. geographic), so the non-rejection of Hansen
J (p = 0.44) reads specifically as a p-channel exclusion test: a back-door operating
through persistent regulation would generally affect a firm-level concentration concept
and a geographic concentration concept differently, and the joint exclusion restriction
would reject. The non-rejection is therefore informative beyond generic overidentifi-
cation. The first-stage I’ remains below the conventional Stock-Yogo threshold (the
firm-concentration measure is a noisier predictor of 7 than Kim’s Hoover), but the
consistency of the slope across structurally distinct concentration measures (geographic
and firm-level) supports the headline interpretation. The deeper-historical 1935 CR4
measure (Census of Manufactures 1935 SIC-2) covers 11 of the 15 NAICS-3 industries;
pairing it with Kim 1947 yields BEYV = 0.598 (HC1 SE 0.190), joint F' = 3.19, Hansen
J overidentification p = 0.16. Stacking three instruments—Kim 1947 + CBP 1947
+ 1935 CR4—on the same N = 11 sample gives BEV = 0.526 (HC1 SE 0.147), joint
F = 2.02, Hansen J p = 0.19, with the slope close to the structural 1/2 at the most

demanding multi-instrument specification.

0-control: partialling out the observable component of ;. The microfoun-
dation ji; = (1 — a)/(ad?) in scale-normalized units implies that the turnover
rate 0; (observable from BDS) is a structural component of the matching friction.
Under a-uniformity, the regression should include Iné; as an exogenous control:
Inw; = const + %)\ln v; + Ind; + u;. I implement this specification on the headline
N = 15 sample, with the broad 1947 score as the excluded instrument for In~; and

In §; included as exogenous. Table D.8 reports the result.

Robustness 4: failed Lewbel internal-instrument attempt. As a third
strengthening attempt I tried internal heteroskedasticity-based instruments a la Lewbel
(2012). The Lewbel construction generates internal instruments Z ; = (W;; — W;) &
where éz is the residual from Invy; = my + W;m + & and W; is a vector of observable
industry characteristics; validity requires Cov(W¢, ) # 0 (heteroskedasticity in & with
respect to W) and Cov(W¢, egruet) = 0. Using W; = (Incapital;, In employment, ),
the Pagan-Hall heteroskedasticity test on £2 gives nR? = 1.91 (p = 0.38, x2): no
detectable heteroskedasticity at conventional levels. The Lewbel-only first-stage F'

is 1.16, and the combined first-stage F* with In(Hooverjgs7,) plus the two Lewbel
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Table D.8: d-control specification: cross-industry regression with observable p-
component partialled out

OLS, nod OLS with Ind; 2SLS,nod 2SLS with Iné;

N =15 N =15 N =15 N =15
3, (HC1 SE) 0.497 (0.140)  0.495 (0.149)  0.531 (0.228)  0.532 (0.231)
35 (HC1 SE) — —0.205 (1.217) — —0.148 (1.310)
pvs By =05 . 0.974 0.892 0.893
pvs fBs =0 — 0.869 — 0.912
pvs fBs=1 — 0.342 — 0.398
First-stage F on Z2 — — 17.81 19.09

Notes: OLS and 2SLS specifications with Ind; added as an exogenous control test the headline
robustness to partialling out the observable matching-friction component implied by the microfoun-
dation ji; = (1 — a)/(ad?). The slope on In~; moves by less than 0.005 when In d; is included. The
coefficient on In d; is uninformative at this resolution (HC1 SE ~ 1.2-1.3): its confidence interval
contains both zero and the structural unit-elasticity prediction 85 = +1, reflecting the narrow 1.4x
within-manufacturing range of §; € [0.065,0.090]. The headline reading is that the 7-slope is not
contaminated by the observable component of u; the d-level prediction is untestable at this resolution
rather than contradicted by it.

instruments is 3.52—weaker than In(Hoover;gs7,;) alone. The combined-IV 2SLS slope
is Bﬁv = 0.542 (HC1 SE 0.208), with Hansen J overidentification p = 0.23. I report
this as a failed strengthening attempt: the Lewbel construction is uninformative in

this small cross-section because the underlying heteroskedasticity in In~; is too weak.

D.6 Spectral robustness panel

This appendix reports the headline regression slope 57 across six spectral estimators
applied to the same log-differenced monthly industrial production series (1972-2024)
for the N = 15 manufacturing 3-digit industries. The peak detection is restricted to
the business-cycle band (periods 1.5-30 years) with parabolic interpolation in all six

specifications.

AR(24) prewhitening robustness. The most plausible benign reading of AR(24)’s
outlier slope is that the high order over-fits broadband low-frequency drift in the
log-growth series at T' = 636 monthly observations, distorting the dominant peak. To
test this, I prewhiten each industry’s log-growth series with a low-order AR fit before
running Burg AR(24): (i) AR(1) prewhitening (subtract one-lag persistence), (ii) AR(2)
prewhitening, and (iii) BIC-prewhitening with order selected from p € {0,1,...,6}.
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Table D.9: Cross-industry slope under six spectral estimators

Estimator Bv HC1 SE p-value R?

Burg AR(24) (higher order) 0.240  0.069 0.004  0.482
Welch periodogram (Hann) 0.309  0.099 0.008 0.333
Multitaper DPSS (K =5)  0.497  0.140 0.004  0.556

Burg AR(12) 0.5631  0.216 0.029 0.299
Yule-Walker, BIC order 0.137  0.390 0.731  0.010
Welch (long segments) 0.103  0.118 0.396  0.056

Notes: N = 15 manufacturing 3-digit industries. Estimates from OLS regression of Inw; on In~;
with HC1 heteroskedasticity-robust standard errors (White, 1980); w; extracted by each estimator
from log-differenced FRED industrial production. Two estimators are reported for completeness but
tend not to resolve discrete peaks within the business-cycle band of monthly data: the BIC-selected
Yule-Walker procedure prefers AR orders too low (p € {1,2,3}) to separate the BC-band peak from
low-frequency power, so the detected peak lies at the band’s upper boundary for most industries;
the long-segment Welch with nperseg = N/2 = 250 yields only 2-3 effective segments, leaving
spectral variance too high for peak detection within a single decade of frequencies. Among the
four interior-peak-resolving estimators, multitaper DPSS and Burg AR(12) recover the structural
magnitude (both within one HC1 SE of 3, = 1/2); Welch periodogram and Burg AR(24) preserve
the sign but imply smaller slopes (0.31 at 1.9 HC1 SE below 1/2, and 0.24 at 3.8 HC1 SE below 1/2,
respectively). The two narrow-band estimators (multitaper, AR(12)) are the relevant comparison
for the harmonic-oscillator structural prediction, which maps to the dominant low-frequency mode;
AR(24)’s over-resolution and the Welch attenuation are documented as transparency rather than
disqualifying departures.

If broadband-noise contamination drives the AR(24) slope, prewhitening should pull
the slope toward the multitaper consensus. It does not: across all three protocols
the cross-industry slope sits in 3, € [0.219,0.238] with HC1 SE € [0.069, 0.082] and
Wald p vs 0.5 all below 0.01 (Table D.10). The AR(24) divergence is therefore not a
finite-sample artifact of broadband-noise contamination; it is a genuine multi-mode
resolution issue, with AR(24) selecting a higher-frequency dominant peak in long-
cycle industries (NAICS 332, 333, 335, 337) than the lower-resolution multitaper and
AR(12) estimators. Under the timing-search model’s harmonic-oscillator structure,
the structural prediction maps to the dominant low-frequency mode that multitaper
and AR(12) identify; AR(24)’s higher-frequency selection is reported alongside as a

methodologically distinct estimator, not a fragile-result symptom.
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Table D.10: Burg AR(24) prewhitening robustness

Protocol B, HCISE Waldpvs05 R?

Raw Burg AR(24) (current headline) 0.238  0.069 0.002 0.481
AR(1)-prewhitened Burg AR(24) 0.234  0.074 0.003 0.463
AR(2)-prewhitened Burg AR(24) 0.238  0.082 0.007 0.443
BIC-prewhitened Burg AR(24) (p <6) 0.219  0.078 0.003 0.420

Notes: N = 15 manufacturing 3-digit industries; FRED log-differenced monthly industrial production,
1972-2024. Each row prewhitens the industry log-growth series with the indicated AR(p) fit (OLS),
then applies Burg AR(24) to the residuals and extracts the BC-band (2-12 yr) peak. The cross-
industry regression of Inw; on In~; produces slopes that are statistically indistinguishable across
the four protocols (BAV € [0.22,0.24], all rejecting 0.5 at conventional levels). Prewhitening therefore
does not reconcile AR(24) with the multitaper/AR(12) consensus, ruling out broadband-noise
contamination as the mechanism behind AR(24)’s lower slope. BIC selects p € {0,1,2,3} across
industries (median p = 1).

D.7 Additional cross-sections: BDS subsector and US+UK
pooled

This appendix documents two robustness cross-sections referenced in the main text.

BDS subsector cross-section (N = 10). As a parallel exercise to the N = 15
manufacturing headline regression, I run the cross-industry regression on the broader
set of NAICS subsectors with clear interior spectral peaks, using BDS-derived spatial
concentration G; as the ¢ proxy and Burg AR(24) spectral peaks of the BDS net
entry rate as w;. The subsector sample comprises the 10 NAICS subsectors with both
an interior BC-band peak and an EG-style spatial concentration index that can be
constructed from establishment-level BDS data (NAICS codes 21, 311, 321, 327, 331,
332, 333, 335, 336, 337). The result: B =0.107 (HC1 SE 0.043, p = 0.037, R? = 0.39).
The estimate has the predicted positive sign, is significant at the 5% level, and survives
the use of an entirely different w source (BDS net-entry rates rather than FRED IP)
and an entirely different ¢ proxy (G; rather than ;). The sample is selected on a
feature of the dependent variable (industries with clear interior peaks), so I read this

as supportive corroboration rather than as an independent identifying test.
US+UK pooled cross-section (proxy-limited; not leaned on in the headline).
As a second robustness exercise I extend the cross-section internationally using UK

Office for National Statistics monthly Index of Production data (1990-2024) for
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12 NACE-2 manufacturing divisions, mapped to the corresponding NAICS-3 codes
via the standard concordance. The exercise has a known limitation: UK industry-
specific concentration indices are not directly available at NACE-2 resolution, so I
substitute US Ellison-Glaeser v values as the cross-country structural proxy (the
maintained assumption is that agglomeration patterns of similar industries are driven
by common natural-advantage and scale factors that cross national borders). This
proxy is plausible but not clean, and the headline regression in the body does not lean
on the pooled estimate. Pooling US and UK observations with country fixed effects
yields 37 = 0.149 (HC1 SE 0.058, p = 0.017, R? = 0.42, N = 27 with US 15 and UK
12). The pooled slope is identified from within-country variation given country fixed
effects. The UK-only slope is small and statistically insignificant (B = 0.02, p = 0.70),
consistent with the proxy concern: when US v values stand in for UK industry-specific
concentration, within-UK variation is attenuated. UK-specific concentration measures
constructed from BRES microdata—a multi-week data construction effort—would
address the proxy concern, and a clean cross-country test using BRES-derived ~ for
the UK (and analogous Eurostat NACE Rev. 2 indices for Germany and France) is
the natural extension. I leave this for future work and report the pooled exercise here

as suggestive same-sign corroboration only.

D.8 Per-industry moment trio: (wg,n,0,) estimates

This appendix reports the per-industry estimates that underlie the three-moment
fingerprint test in main-text Section 5.4. For each of N = 15 NAICS-3 manufacturing
industries with a continuous monthly FRED industrial production series (1972-2024),
I extract the structural trio (wp;, 7, 0,;) from the band-pass-filtered detrended log
level z;(t) (linear detrend; fourth-order zero-phase Butterworth band-pass on 1.5-
15 years). The cyclical state z;(t) approximates n;(t) — n,;, the deviation of the
matched stock from its ironing benchmark. I fit an AR(2) to z;(t) by Yule-Walker, the
natural parsimonious discrete-time approximation to a damped harmonic oscillator
sampled at monthly frequency: the BP filter introduces its own dynamics, so the
AR(2) is a parametric summary of cyclical persistence rather than an exact discrete-

time representation of the underlying continuous-time oscillator. The complex poles
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z = p;et deliver the structural parameters:

n; =—21n(p;) - 12 (per year), wg; =120; (rad/yr), wo; = \/wii +n?/4.

The marginal standard deviation o, ; is the empirical std of the same BP-filtered series.
As a smoothed reference I also report Tpeaxi = 27/ Wpeaki €xtracted from the log-growth
Burg AR(24) PSD (one of the six estimators reported in Online Appendix D.6’s full
panel; I use AR(24) here because it is the highest-order Burg fit available and provides
a smoothed reference for the per-industry Tpeax column). The structural moments wy,
n, 0, come from the AR(2) Yule-Walker fit on the BP-filtered detrended log level and

do not depend on the Burg order choice.

D.9 AR(1) baseline for the post-COVID overshoot test

This appendix specifies the Monte Carlo procedure that delivers the AR(1)-monotone-
convergence baseline of 0.26 used in main-text Section 5.4. The benchmark answers
a single question: under a pure linear AR(1) data-generating process fitted to each
sector’s pre-COVID net entry rate, what fraction of sectors should be expected to
overshoot their pre-COVID linear trend by at least one pre-COVID standard deviation
in 2021 or 2022, given the realized 2020 deviation as the starting point? Innovation
noise alone, without any oscillatory restoring force, can produce some overshoots;

quantifying that share requires a fully specified simulation.

Procedure. For ecach of the N =19 BDS NAICS sectors:

(i) Compute the net establishment entry rate

net; = entry rate, — exit rate; for 1978 <t < 2019.

(ii) Fit a linear time trend net; = a; + f;t + u;; on 1978-2019, and let o, ; denote
the pre-COVID residual standard deviation.

(iii) Fit an AR(1) on {u,;,}?9% by OLS:
Uit = Pillit—1 + Eit, gip ~ N(0, 0?,07

yielding sector-specific (p;, 0. ;).

53



Table D.11: Per-industry structural moments (wy, 17, o) across NAICS-3 manufacturing

NAICS Industry Theak wo Ty n ¢ @ 1000,
(yr) (rad/yr) (yr) (1/yr)

311 Food 2.51 1.774 3.54 0203 0.057 8.76 1.308
312 Beverage/Tobacco 2.19 1.517 414 0.199 0.066 7.63 3.506
313 Textile mills 2.89 1.607 391 0.175 0.054 9.20 5.425
316 Leather 2.40 1.518 4.14 0.160 0.053 9.47 7.285
323 Printing 8.53 1.382 4,55 0415 0.150 3.33 3.541
324 Petroleum/Coal 2.54 1.623 3.87 0370 0.114 439 4.673
325 Chemical 3.41 1.490 4.22  0.255 0.085 585 3.856
326 Plastics/Rubber 3.97 1.389 4.52 0.243 0.087 5.72 5.863
327 Nonmetallic mineral 6.09 1.105 5.69 0.179 0.081 6.16  6.587
331 Primary metal 3.10 1.622 3.87 0.168 0.052 9.65 8.354
332 Fabricated metal 3.79 1.308 4.80 0.195 0.075 6.69 5.878
333 Machinery 3.71 1.331 472 0.134 0.050 9.94 7.651
335 Electrical equipment 3.79 1.377 4.56 0.441 0.160 3.12 6.066
337 Furniture 4.87 1.248 5.03 0327 0.131 3.82 7.055
339 Miscellaneous 2.71 1.789 3.51 0.150 0.042 11.90 3.222

Cross-industry mean (N = 15)  3.84 1.472 434 0.241 0.084 691 5.351

Cross-industry sd 1.66 0.185 0.59 0.096 0.038 2.69 1.890

Notes: Tpeax = 27 /wpeak from the log-growth Burg AR(24) spectral peak (paper-consistent). wo =
Vw2 +n?/4 is the natural angular frequency from the AR(2) Yule-Walker fit to the BP-filtered
detrended log level, Ty = 2w /wy. n is the AR(2)-implied damping rate. ¢ = n/(2wo) is the damping
ratio. = wo/n is the quality factor. o, is the marginal standard deviation of the BP-filtered
detrended log level; reported as 1000, for readability. The cross-industry Pearson correlations across
the trio are p(wp,n) = —0.205 (p = 0.463), p(wo,0,) = —0.522 (p = 0.046), and p(n,o,) = —0.158
(p = 0.574). Frequency is uncorrelated with damping (the separation theorem prediction: wi = ¢/
and 1 = x/p share only p, which is approximately uncorrelated with +; within manufacturing, with
uniformity as the limiting case). Frequency is negatively correlated with amplitude, consistent with
02 = a2 /(2xyp) if 02 /x does not have offsetting positive cross-industry covariance with ¢: high-¢
industries have steeper loss curvature, which lowers cyclical amplitude through the ¢ channel; the
empirical sign is preserved unless shock variance and bottleneck friction co-move with ¢ in a way

that overturns it.

(iv) Compute the realized 2020 deviation u; 2020 = net; 2020 — (v + 5 - 2020).

(v) Simulate the AR(1) forward two periods, R = 10,000 replications:
(r)

_ r) (ry _ () (r)
U; 9021 = Pilli,2020 + 0eibi s U; 9022 = Pilli 2021 T 0cibs s

with £ % A(0, 1).
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(vi) Sector-replication overshoot indicator (strict):

,L‘1

[l.(r) = 1{11(72)021 > Oy OF Uz(,rz)om > Uuﬂ'} :

Sector overshoot probability under AR(1): pP=e = RS 1,

)

(vii) Empirical overshoot indicator:
emp emp emp
I = 1{%‘,2021 > Oy, OT Uj;gn9p > Uu,i} :

The cross-sector statistics are the empirical overshoot share /™ = N~1 5.
the AR(1) baseline share pP*° = N~ 3" pPa¢ and the one-sided binomial p-value

(2

Pr(X > n®P | n = N,p = p>*°) where n®™ = > 7"

emp
IZ 9

Calibration source. (p;,0.;,0,;) are estimated separately for each of the 19 sectors
from the linearly-detrended pre-COVID net entry rate (BDS bds_sec.csv, 1978
2019). Across sectors, p; has median 0.51 and range [0.10,0.64]; 0,,; has median 1.45
percentage points and range [0.79, 3.86]. The AR(1) starting point is the realized u; 2020
(one starting point per sector, drawn from data, not a distribution): the question
is whether AR(1) noise alone can carry the trajectory at least one o, ; above trend
within two years given that specific shock, not what would happen under hypothetical

alternative shocks.

Threshold. A sector ”overshoots” if the residual against the pre-COVID linear
trend is at least o,; above zero in 2021 or 2022. The strict o, ; threshold rules out
trajectories that cross zero by a hair, which AR(1) noise can produce mechanically;

only meaningful upcrossings count.

Replications and seed. R = 10,000 replications per sector (190,000 total simulated
paths). Random seed 20260508 for reproducibility.

Result. The empirical overshoot count is n°™P = 12 of N = 19 sectors (I°™ = 0.632).
The AR(1) baseline is p*®° = 0.258. The one-sided binomial p-value is 0.0007; the
empirical share rejects the AR(1)-monotone-convergence null at conventional levels.

The two non-overshooting sectors with high baseline probabilities (Construction
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p*° = 0.22, Real Estate pP®¢ = 0.23) reflect sectors whose realized 2020 shock was
small in magnitude relative to o, ;, consistent with mild COVID disruption to entry
in those sectors. The seven sectors that fail to overshoot include Mining, Information,

and Finance, where realized 2021-2022 residuals stayed near or below trend.

Code and data. The procedure is implemented

in codes/covid_overshoot_baseline.py; per-sector
b emp

(Pis Ociy Tusis Ui 2020, Ui 2021, Ui 2022, D7, ;) values are saved to

data/covid_baseline simulation data. json.

E Welfare and policy

E.1 Frequency-welfare separation: leakage under alternative

welfare metrics

This appendix quantifies the leakage of (¢, 1) into the welfare cost when the conditions
of Theorem 2 are relaxed. I simulate the damped stochastic oscillator on a grid of
(o, 1y x,00) € {1,4,9} x{0.5,1,2} x {0.1,0.2,0.4} x {0.05,0.1} (54 cells), and compute

the welfare cost under each of four metrics.

Case A: linear utility, baseline metric (analytical). Theorem 2 of the main
text gives E[L] = 02/(2x) exactly, independent of (¢, ;). Numerical Monte Carlo
verification on a sample of grid cells confirms this to within Monte Carlo error: across
4 representative cells, the ratio Lyumerical/Ltheory ranges from 0.96 to 1.19, consistent

with finite-simulation noise.

Case B: CRRA utility (simulation). Under CRRA preferences with risk-aversion

coefficient o,, the consumption process is ¢; = ¢exp(—£x7 —4n7) and the welfare loss is
the consumption-equivalent compensating variation A such that u(¢(1 — X)) = Elu(c;)].

Across 54 grid cells:

e 0., = 1 (log utility): mean leakage from baseline +15%, median +8%, max
+104%.

e 0., = 2: mean +16%, median +8%, max +106%.
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e 0., = 5: mean +20%, median +11%, max +124%.

Risk aversion increases the welfare cost in the central majority of cells and changes
the welfare cost of cycles by 8-20% at the median. The maximum-leakage cells are
those with high ¢ and low y, where amplitude is large and risk aversion bites the

consumption density most.

Case C: alternative welfare metric (analytical). If the supplier’s yn? flow is
added to the per-firm output drop in the welfare metric (rather than excluded as a

separate accounting object), the welfare cost becomes
E[L™] = (¢/2)E[z*] + (u/2)E[2*] + XE[7*] = 02/(2x) + 02/ (21),

where the last equality uses equipartition. The metric explicitly reintroduces p. Across

the grid, the median leakage from baseline is +20%, reaching +80% in low-p cells.

Case D: Lucas (1987) consumption-equivalent welfare under linear utility.
Equivalent to Case A: the consumption-equivalent metric collapses to a2/(2y) when

the underlying utility is linear.

Verdict The separation E[£] = 02/(2x) is exact under the manuscript’s three
conditions: linear utility, the per-firm effective-output welfare metric of the main
text, and excluding the supplier’s xn? resource flow from that metric (treating it as a
separate accounting object). Under CRRA preferences the leakage is 8-20% at the
median; under alternative welfare metrics that double-count the supplier flow, the
leakage is 20-80%. I therefore state the separation as a property of a specific welfare
framework, not as a model-free invariant. The framework is the one adopted and

defended in the paper; alternative metrics are documented here.

E.2 Per-industry welfare cost table

This appendix reports an illustrative calibration of x; and the per-firm effective-
output welfare cost E[L;] = aii (2x;) for the 10 cached manufacturing industries
summarized in Section 6.2 of the main text. x; is calibrated from o, ; = o.;/v/2Xi¢:-
The cycle-amplitude proxy o, ; is set by a single-sample calibration anchored to the
manuscript’s NAICS 3344 baseline (o, ~ 0.05 at T" = 4.75 years), with cross-industry
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scaling o, ; = 0.05 (7;/5)"/?; a full implementation would replace this heuristic with
the standard deviation of detrended log industrial production at the industry level.
Cross-industry differences in E[£;] are therefore driven primarily by cycle period T; in
this calibration, and y; is approximately uniform across industries by construction.
The exercise is illustrative of the closed-form welfare formula’s quantitative content

rather than a structural calibration.

Table E.12: Calibrated welfare cost per manufacturing industry

NAICS Industry T; (yr) Vi Xi E[Li] (% of mp)
321 Wood 13.17 0.015 0.177 0.67
327 Nonmetallic min. 13.17 0.011  0.178 0.67
331 Primary metal 2.19  0.049 0.171 0.12
332 Fabricated metal 6.58 0.004 0.179 0.33
333 Machinery 4.39 0.012 0.178 0.22
334 Computer/elect. 13.17  0.064 0.169 0.70
335 Electrical eq. 6.58 0.018 0.177 0.34
336 Motor vehicles 6.58 0.034 0.174 0.34
337 Furniture 6.58 0.006 0.179 0.33
339 Miscellaneous 2.63 0.020 0.176 0.13

Mean across industries: 7.55 0.024 0.176 0.39

Notes: x; is calibrated from o,; = o.,;/v/2X:p: using the manuscript’s NAICS 3344 baseline
calibration scaled by industry-specific period. The welfare cost E[L;] is reported as a percentage of
the industry’s optimal-scale, zero-adjustment effective output = ;.

E.3 Industrial policy: CHIPS Act counterfactual

This appendix elaborates the policy taxonomy and CHIPS Act counterfactual ref-
erenced in the main text. The maintained interpretation is that the relevant policy
instrument moves the bottleneck friction coefficient y, with the institutional caveat

discussed in the main text.

Policy channels Each model parameter maps to a distinct policy instrument with
a distinct dynamic consequence under the per-firm effective-output welfare metric of

the main text:

(i) Entry regulation (permits, licensing, eligibility thresholds) changes p. Lower u
speeds up cycles (wg = /¢/p increases) without affecting the per-firm welfare
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cost. Deregulating entry changes the timing of adjustment—not its welfare

weight under this metric.

(ii) Cluster development (agglomeration subsidies, special economic zones, reshoring
incentives) changes ¢. Higher ¢ speeds up cycles but leaves the per-firm welfare
cost unchanged: the sharper profit landscape is exactly offset by the smaller

amplitude it selects.

(iii) Entry subsidies (CHIPS Act manufacturing credits, IRA clean energy subsidies)
reduce one or both of x and y, depending on institutional details. A subsidy
that halves the bottleneck friction coefficient y doubles £ under the per-firm
metric. A subsidy that works primarily as a per-firm transfer (x only) does not

move L. The welfare-relevant lever in this metric is y, not .

Real-world entry costs span at least four economically distinct categories—fixed
entry fees paid once (which load onto k, are pure transfers, and do not damp the
cycle), real resource costs of construction and permitting (which load partly onto x
via convex bottleneck strain), one-time subsidies and transfers (which redistribute
without changing x), and pure congestion frictions that the model formalizes via x.

The policy implications below assume the relevant policy instrument moves y.

CHIPS Act counterfactual Calibrating (¢, i, x, o) for NAICS 3344 (Semiconduc-
tor and Other Electronic Component Manufacturing) from BDS 1978-2022, Table E.13
reports the model-implied effects of three stylized industrial-policy interventions, all
evaluated under the per-firm effective-output welfare metric. The baseline spectral
peak T' = 4.75 years matches the BDS net-entry-rate peak for this industry. The
counterfactual halving of the bottleneck friction coefficient y—a stand-in for a CHIPS-
style subsidy that subsidizes construction and permitting and thereby weakens the
bottleneck-strain mechanism—Ieaves the cycle frequency unchanged but raises the
stationary standard deviation o, by v/2 and doubles the per-firm welfare cost. Clus-
ter policy and streamlined permitting speed up the cycle but leave per-firm welfare
unchanged in the stochastic equilibrium. The model-implied stabilization channel
through x is therefore the operative one for welfare under this metric; whether the
CHIPS Act actually moves x rather than x is the institutional question I leave open. A

welfare metric that includes the supplier’s resource flow preserves the welfare-improving
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comparative static in x but reintroduces p via the additional term o2 /(2u); see Online
Appendix E.1.

Table E.13: Industrial policy counterfactuals for semiconductors (NAICS 3344)

Scenario ch/Tbase Ux,cf/am,base ch/ﬁbase
A. CHIPS entry subsidies: x x 0.5 1.000 1.414 2.000
B. Cluster policy: ¢ x 1.2 0.913 0.913 1.000
C. Streamlined permitting: p© x 0.7 0.837 1.000 1.000
A + B combined 0.913 1.291 2.000

Notes: All ratios are relative to the calibrated baseline for NAICS 3344 (T' = 4.75 years). Calibration:
pu=(1—a)/[a(dny)?] from Assumption 3 of the main text with o = 0.5, § and n, matched to BDS
1978-2022 means; ¢ = p (wigp + 1°/2) where wpgsp is the observed spectral peak of detrended net
entry, with 7 = x/p obtained jointly with y in the next step (the 7?/2 correction is small at the
empirical damping levels and amounts to a leading-order ¢ = wl%SD,u); o is the residual std after
removing the fitted cosine; x = nu with n chosen so that o, = \/E[(n — n,)?] matches the observed
standard deviation of detrended net entry. The welfare identity E[£] = 02/(2y) makes E[L] invariant
to ¢ and p in the stochastic equilibrium and to the per-firm entry cost . Only the bottleneck friction
coefficient x and shock variance o, affect welfare; ¢ and p affect timing only.

F Alternative models

F.1 Model horse-race

This appendix details the side-by-side simulation comparison summarized in the main
text. To sharpen the distinction between timing search and the leading alternatives, I
simulate four reduced-form models side by side under a common negative shock: (i)
an AR(1) RBC benchmark & = —A\z + oe with industry-specific decay rates; (ii) a
New Keynesian AR(2) with common Taylor-rule propagation across industries; (iii) a
stylized BGP-style limit-cycle benchmark (the Van der Pol oscillator), with industries
differing in its shape parameter fi,q,; (iv) the timing search equation of motion with
industry-specific (¢, 1) pairs giving wy = \/go_/,u

For each model I generate four “industries” and score three diagnostic patterns

that motivate the paper:

(P1) Interior spectral heterogeneity: the four industries have distinct interior peaks in

the business-cycle band (i.e., not at the band edge).
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(P2) Post-shock periodicity: Fisher’s g-test on the post-shock window rejects at 10%

for the average industry.

(P3) Owvershoot: at least half the industries pass through zero and rise above trend

within the post-shock window.

Table F.14: Model horse-race: which alternatives generate the three empirical patterns?

Model (P1) Heterogeneity (P2) Periodicity (P3) Overshoot
RBC (AR(1))

NK (AR(2), common rule)
BGP-style limit cycle
Timing search

WX X X
NN X X
NN X X

Notes: Four industries are simulated per model (parameters vary across industries within each model).
Patterns as defined above. RBC’s AR(1) spectrum has no interior peak in the business-cycle band
(P1 fails) and decays monotonically after a shock (P2, P3 fail). NK uses common propagation across
industries (P1 fails). The BGP-style limit cycle has industry-invariant peak period in this calibration
(P1 fails) but produces genuine oscillation and overshoot. Only timing search passes all three. See
Figure F.8 and the simulation code for parameter details.

Table F.14 reports the outcomes. Only the timing search model passes all three.
The RBC benchmark produces industry-specific decay rates but no interior peak (the
AR(1) spectrum is monotone) and no oscillation. The New Keynesian AR(2) with com-
mon propagation gives nearly identical behavior across industries—no heterogeneity.
The BGP-style limit cycle generates both periodicity and overshoot, but the period
barely depends on the shape parameter, so it fails the cross-industry heterogeneity
test.

Figure F.8 visualizes the same exercise as time-series plots. The RBC panel
(top-left) shows monotone decay at industry-specific rates—no zero crossings, no
overshoot, no shared oscillatory frequency. The NK panel (top-right) shows four series
so closely overlaid that they are visually difficult to separate; the common Taylor-rule
propagation washes out whatever heterogeneity is built into the industry primitives.
The BGP-style limit-cycle panel (bottom-left) does produce sustained oscillations
and overshoot, but the four industries trace out cycles of nearly identical length:
limit-cycle period is set by the bifurcation structure, not by the primitives that vary
across industries in this calibration. Only the timing search panel (bottom-right)

shows all three patterns simultaneously.
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Figure F.8: Model horse-race: post-shock dynamics across four reduced-form frame-
works

Common negative shock at t = T/2. Lines: 4 industries per model.

RBC (AR(1)) New Keynesian (AR(2))
1
o PN, il '
Ny 0
—-14 -1
-2 -2
-3 -3
-4 A -4
-5 -5
T T T
Time units Time units
BGP (Van der Pol) Timing search

T PR R
i

9% 100 110 120 130 140 9% 100 110 120 130 140

Time units Time units
Notes: Each panel shows four “industries” simulated under a single model, hit by a common negative
shock at t = T'/2 (vertical red dashed line). Industry-specific parameters vary within each model
so that the four lines could in principle differ. RBC (top-left): industries decay monotonically at
different speeds; no oscillation, no overshoot. NK (top-right): industries share a common AR(2)
shock-propagation structure imposed by the Taylor rule, so the four series are near-identical despite
differing primitives. BGP-style limit cycle (bottom-left): genuine limit-cycle behavior, but the cycle
period is nearly invariant across the industry-specific shape parameter, so the four periods coincide.
Timing search (bottom-right): each industry oscillates at its own structural frequency wo; = / @i/,
with clearly different periods visible across the four lines. Only the bottom-right panel reproduces all
three empirical patterns from Table F.14: heterogeneity in cycle length, post-shock periodicity, and
overshoot above the pre-shock trend.

F.2 Multi-sector RBC envelope: identification against corre-
lated sectoral propagation

This appendix details the multi-sector RBC envelope summarized in the main text. The

natural alternative explanation for the cross-industry frequency dispersion documented

in Section 5.3 is that input-output network structure (Acemoglu et al., 2012) or granular

firm-level shocks (Gabaix, 2011) propagate idiosyncratic disturbances into industry-

specific spectral peaks without any timing-search mechanism. I simulate a 15-sector
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log-linear environment y;; = (Wwyi—1); + a;; with industry-specific AR(2) productivity

it = P1i Qit—1 + P2; Qip—2 + 0, €, Where W is an I x I input-output weighting matrix.

Calibration I sweep across three input-output specifications:

e No IO: W = 0.5 1 (diagonal own-sector persistence only).

e Diagonal-dominant: W; = 0.5, off-diagonal entries drawn uniformly from
[0,0.02].

e Sparse 10: W;; = 0.5, each industry has 3 strong cross-sector inputs drawn from

[0.05,0.15] to mimic supply-chain clustering.
And across two AR-coefficient distributions:

e Homogeneous: py; = 0.85, py; = —0.10, o; = 1 for all i.
e Heterogeneous: py; ~ U(0.7,0.95), py; ~ U(—=0.25,0), o; ~ U(0.5,1.5), drawn

independently across replications.

I run 50 replications per cell of the 3 x 2 design (7" = 600 time steps each, monthly
fs = 12). For each replication and each of the 15 simulated sectors, I extract the
dominant spectral peak in the business-cycle band [1, 12] years using Welch’s PSD with
the project’s standard procedure. The dispersion test below leans on the estimator-
matched empirical benchmark: Burg AR(24) on the same 15-industry sample, which
gives o(Inw;) = 0.37. The multitaper estimator used in the headline IV table delivers
a larger empirical dispersion (o(Inw;) = 0.71); I report it for transparency but do not
lean on the multitaper-vs-simulation comparison because the simulated w; are not
extracted by a multitaper procedure. The slope test compares simulated BSBC to the

multitaper-aligned headline range [0.50,0.75] from Table II.

Two falsification tests As with the heterogeneous-6 Khan-Thomas exercise (Online
Appendix F.4), I run two distinct tests. The first is the cross-industry dispersion test:
does the multi-sector RBC reproduce the estimator-matched empirical o(lnw;) = 0.37
(Burg AR(24)) over the headline N = 15 manufacturing sample? The second is
the empirical slope test: regressing simulated Inw; on the data’s In~; across the
15 industries, does the multi-sector RBC generate a coefficient in the empirical
3, € [0.50,0.75] range (multitaper-aligned Table II), or near zero (since  does not
appear in the model)?
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Result The multi-sector RBC can reproduce the estimator-matched dispersion:
simulated o(Inw;) has mean 0.35-0.47 across the six cells, with the observed AR(24)
value of 0.37 falling inside the 95% envelope in every specification, so this test does
not discriminate the alternative. But the multi-sector RBC cannot reproduce the
empirical slope: across all six cells the simulated BA,PY{BC has mean near zero (range
of cell means: —0.03 to +0.00) with 95% CIs roughly [—0.13,+0.20]. In zero of
50 replications across any cell does the simulated coefficient reach the
empirical ,5’7 range of [0.50,0.75]. The dispersion test alone does not discriminate
the alternative; the empirical slope test does. This parallels the Khan-Thomas verdict:
alternatives that generate cross-industry frequency variation through industry-specific
shocks or adjustment costs can match overall dispersion but cannot reproduce the

relationship between geographic concentration and cycle frequency.

Table F.15: Multi-sector RBC envelope: dispersion vs. structural slope

IO scheme AR mode Sim. o mean & 95% CI Sim. 8, mean 3, 95% CI
No I0 Homog. 0.41 [0.30,0.51] 002 [-0.24,+0.13]
No IO Heterog. 0.47 (0.30,062]  —0.03  [-0.26,+0.19]
Diag.-dom. Homog. 0.39 [0.28,0.51] —0.00 [-0.22,+40.19]
Diag.-dom. Heterog. 0.45 [0.27,0.60] —0.03 [-0.23,+0.19]
Sparse IO Homog. 0.35 [0.18,0.47] +0.00 [-0.16,+0.18]
Sparse 10 Heterog. 037 [0.04,052]  —0.01  [—0.18,+0.18]
Empirical, AR(24) NAICS-3 mfg. 0.37 — — —
Empirical, multitaper NAICS-3 mfg. 0.71 — +0.66 (IV) —

Notes: 50 replications per cell. Simulated peaks are extracted by a Welch/Burg AR(24)-equivalent
procedure on the simulated series, so the dispersion test leans on the estimator-matched empirical
benchmark o(Inw;) = 0.37 (Burg AR(24) on the 15-industry sample). The multitaper estimator
used in the headline IV table delivers a larger empirical dispersion (0.71), reported for transparency
in the empirical row but not the comparison the dispersion test leans on. The dispersion test (o
columns) reports the simulated cross-sector standard deviation of Inw; for the 15 simulated sectors;
the AR(24) observed dispersion (0.37) falls inside every cell’s 95% envelope, so this test does not
discriminate the alternative. The structural slope test (BA, columns) regresses simulated Inw; on the
data’s In~; at matched industry indices; simulated coefficients center near zero with 95% CIs roughly
[—0.13,40.20], while the observed slope is BIYV = 0.66 in the data (multitaper headline). Zero of 50
replications in any cell reach the observed slope.

F.3 Mechanism comparison: BGP (2020) vs. timing search

This appendix provides the side-by-side mechanism table referenced in the main text.
Both Beaudry et al. (2020) and timing search generate stochastic limit cycles from

small i.i.d. shocks; this table contrasts the economic content of each force.
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Table F.16: Comparison of economic mechanisms: Beaudry et al. (2020) vs. this paper

Beaudry et al. (2020) This paper
Destabilizing force ~ Financial frictions Agglomeration
Bounding force Diminishing returns Congestion
Cycle mechanism Hopf bifurcation Ironing condition
Amplitude selection Hopf (unique cycle) Entry-cost dissipation
Friction source Financial intermediation Entry matching
Shocks needed Small, i.i.d. Small, i.i.d.

Notes: Both models generate stochastic limit cycles from small i.i.d. shocks. The frequency
comparison is in Table 2 of the main text.

F.4 Khan-Thomas heterogeneous-f horse race

This appendix details the Khan and Thomas (2008) (KT) heterogeneous-6 horse race
summarized in the main text. The KT mechanism, where industry-specific capital-
adjustment-cost curvature 6; generates lumpy investment, is the natural alternative
explanation for cross-industry frequency dispersion: industries with higher 6 adjust

less frequently, producing slower cycles.

Setup For each of the 15 manufacturing industries in the headline cross-section, I
simulate 100 plants over 600 months (50 years monthly). Each plant has idiosyncratic
AR(1) productivity z;; with persistence p = 0.92 and innovation standard deviation
o. = 0.022 (KT 2008 monthly calibration). Plants follow a reduced-form (.S, s)
adjustment rule: capital adjusts to the productivity-implied target k7, = z;é(ka) if
(K, —kje—1)? > 0;- kjy_1; otherwise kj, = (1—0)k;j,—y with § = 0.0083/month (= 10%
annual). Industry-aggregate output is y;; = >, 2;,.k%, with a = 0.30.

Calibration of 6; Industry-specific fixed-cost curvatures are drawn from the cross-
industry distribution of Cooper and Haltiwanger (2006) plant-level estimates (Table 4-
5), aggregated to NAICS-3 by capital-intensity bands. Values range from ¢ = 0.008
(Apparel-type) to § = 0.048 (Petroleum), capturing the empirically observed range of

plant-level adjustment-cost dispersion.

Two horse-race tests [ run both tests across 50 independent simulation replications:
Test 1: Cross-industry dispersion o(Inw;). KT generates median o(Inw;) = 0.32
with 95% range [0.23,0.40] (Burg AR(24)-equivalent peaks on the simulated industry
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aggregates). The estimator-matched empirical benchmark is o(Inw;) = 0.37 under
Burg AR(24); twenty percent of KT replications match or exceed it, so by this test
alone KT is a viable alternative. The multitaper estimator used in the headline IV
table delivers a larger empirical dispersion (0.71); I report it for transparency but do
not lean on the multitaper-vs-simulation comparison because the simulated w; are not
extracted by a multitaper procedure.

Test 2: @-channel slope (3, in the regression of Inw; on In~; (the Ellison-Glaeser
concentration index of the data). KT predicts 5, ~ 0: capital-adjustment-cost
curvature #; has no structural relationship to geographic concentration ~;, so the
simulated cross-section produces no y-w slope. The KT-implied 35T across replications
has mean —0.00, median 0.01, 95% range [—0.12,0.12]. The empirical slope estimates
fall in the ny € [0.50,0.75] range across the multitaper-aligned headline specifications.

Zero of 50 KT replications generate slopes in this range.

Verdict The KT model can roughly match cross-industry dispersion in cycle frequen-
cies but does not generate the structural relationship between geographic concentration
and cycle frequency observed in the data. The p-channel slope is the discriminating
signature: timing search predicts §, = 1/2 from primitives; the KT specification
considered here predicts 5, = 0 regardless of 6 heterogeneity. The headline IV slope
is 57 = 0.66 (multitaper), structurally consistent with timing search and outside the
range generated by any of the KT replications considered. The comparison clari-
fies what additional structure the empirical question requires rather than ruling out

enriched versions of these models.
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