Appendix: For Online Publication

A Household problem

The representative household owns equity in all firms, supplies labor /j ;, and

chooses consumption c; to maximize lifetime utility:

max IEO Z ,Btu(ct, lH,t) (Al)
t=0

{Ct/lH,t}(t)o:O

subject to the budget constraint:
i = w(Slns + [ D(s;Si) d (A2)

where D(s;S¢) = I1(zZk;S¢) — I1(s;St) — 51(s;S¢)? — €I{I(s;S¢) # 0} denotes
the dividend paid by a firm with individual state s = (k,z), and w(S;) is the
competitive wage.

The household’s first-order conditions yield the labor supply schedule and the

stochastic discount factor:

ug (e Iug)
Mc(Ct,ZH,t)

~ ue(Cri1, lHe41)
=(S¢,S = . . A4
( t t+1) .B U, (Ct/ lH,t) ( )

w(St) = (A.3)

The stochastic discount factor (S, S’) enters the firm’s Bellman equation (Section
2 of the main text) through the discounting of future value.

For the fully analytical characterization in Section 4.2 of the main text, we
specialize to GHH preferences u(c,ly) = log(c — nly) with risk neutrality (o —
0), which yields w(S) = 7 (constant) and E(S,S’) = B. This eliminates wage-
driven general equilibrium feedback and delivers closed-form expressions for all

equilibrium objects.



B Proofs of theoretical results

Theorem A.1 (Marginal benefit).
_ OE;s8(S,8)] (k255"

The marginal benefit of investment q(k,z;S) = 5 satisfies
JE, ¢E(S, S’ NoFixed k,z'; S
q(k,z;S) = —=° ( )]E)k ( ) _ G(S)z+H(S) (A.5)

for some G, H : S — R, where S is the set of all possible aggregate states.
Proof.

We provide two proofs. The first constructs the marginal benefit directly as an
infinite sum of discounted future marginal profits. The second differentiates the

Bellman equation and uses a guess-and-verify argument.

Proof 1: direct summation.

Consider a firm at date T = 0 with state (ko, zg) and aggregate state Sp. A marginal
increase in investment I raises the firm’s capital stock by one unit at T = 1 and,
after depreciation, by (1 — 6)™~! units at each future date T > 1. By CRS, the
marginal profit from an additional unit of capital in period T is II(1;S¢)z:Z~,
independent of k;. The fixed cost ¢ is a lump sum paid per adjustment event
and does not vary with the level of investment; the Poisson rate ¢ governs only
whether adjustment occurs. Since neither ko, ¢, nor ¢ enters the per-unit marginal
return to capital, the marginal benefit of investment coincides with that of the fric-
tionless problem JNFi*ed establishing the first equality. The first-order condition

equates the marginal cost 1 + ulj to this marginal benefit:

marginal profit

00 u' (¢ - % ~
1 + HIO — IEZ,S Z ﬁT ( /( T)) (1 - 5)771]._.[(1; ST)ZTZT (A.6)
=1 u (CO)
~—— ~ ~~ o
Marginal cost Marginal benefit in int. (independent of Iy and ko)

Since zr = pTzo + L4 p"Jej with Ele;] = €, each z; is affine in zy. Collecting
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terms proportional to zp and the remainder:

- (pﬁ]Es (Z:EE;;) 77+ p?B2(1 — 6)Eg (”/(CZ)) 77"+ .. ) 2

' (co)
(A7)
+ (E,B]ES <Z:EE;;) 77 +&(p+1)B*(1 — 6)Es (Z:EZ;) 7" + .. )
(A.8)
= g(SO)ZO -+ H(SO) =: A(Z(); So). (A9)

J/

Affine in zg

The coefficient of zy defines G(Sy) and the constant defines H(Sp). Both series
converge under the transversality condition (1 — ) < 1, and the recursive rep-
resentations for G and H in the main text follow by splitting each sum at 7 = 1.

Thus,

I = % (A.10)

Proof 2: Bellman equation (guess and verify).
The proof proceeds in two guess-and-verify steps.
Step 1 (Envelope condition: [ is independent of k).
Guess. Jx(k,z;S) = Jx(z;S), i.e., the marginal value of capital does not depend
on the capital stock itself.
Verify. Differentiate the Bellman equation with respect to k. CRS gives ZI1(zZk; S) =
I1(1;S)zZ, independent of k. For the continuation value, the envelope theorem

applied to the optimal investment choice I* gives:

oOR*
ok

= (1-0)E;5E(S,8") J (k(1—8)+I*,2;S')
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oR°
ok

— (1-6)E,s(S,5") Je (k(1-6),2;5") .

Under the guess, the first arguments k(1—46)+I* and k(1—¢) are irrelevant, so

35{* = %. Consequently, the max operator (adjust or not) and the Poisson prob-

ability ¢ drop out of J:
Jk(z:S) = T1(1;5) 2Z + (1 - 6) E=sE(S, ') Ji(2; S"). (A11)

The right-hand side involves only (z,S), confirming the guess. Moreover, the
frictionless value JN°Fi*ed gsatisfies the identical recursion (with no & or @), so
Jx = JNoF ixed by uniqueness of the fixed point.

Step 2 (Affine fixed point: q is affine in z).

Guess. q(zS) := E,sE(S,S) Jk(2;S") = G(S)z+ H(S) for some functions
GH:S— R

Verify. Substituting (A.11) into the definition of g:

q(z;S) = E,sE(S,5)[I1(1;S")2'Z" + (1-0) q(z; §')] .

Imposing the guess on the right-hand side and expanding z’ = pz + €’ with Ee’ =

€:

q(z;S) =EsE(S, ") [I1(L; S ) (pz + €')Z" + (1-6) (G(S') (pz + €') + H(S"))]
— Es[pE(S,8') (I(L;5)Z' + (1-6)G(5))] -2

/

NV
coefficient of z

+€Es [2(S, 8 (I1(1;8)Z" + (1-6) G(S'))] + Es[E(S,S") (1-6) H(S')].

J/

NV
constant

Matching the coefficient of z with G(S) and the constant with #(S):

G(S) =E[p&(S,5")(I1(1;8)Z" + (1-0) G(S))],



H(S) = £0(5) + E[E(5,5") (1-0) H(S")] = (5-1) G(5) + B[E(5,5") (1-8) H(S)],

P

| m

where the last equality uses €/p = (1 —p)/p = 1/p — 1. Both are well-defined

recursive equations in G and H, confirming the affine guess. u

Corollary A.1 (Forward-looking affine investment in intensive margin).

Firm-level optimal investment conditional on adjustment is:

G(S)z+H(S) -1

I"(z,8) = ”

Proof.
From the Marginal Benefit Theorem, the marginal benefit of investment is A(z; S) =
G(S)z + H(S), independent of k and I. The marginal cost is 1+ ul from the

quadratic adjustment cost. Equating;:

G(S)z+H(S) =14 ul*(z9).

Solving for I* yields the result. [ |

Theorem A.2 (The inaction region of productivity).

A firm does not invest when z lies in the inaction interval Q) := |z, zy] where:

QS) = [z1(8), 21(8)] = | LY/ 2HE ZHS) 1 VAUE—H(S) | 1)

g(s) g(s)
Proof.
A tirm invests only when
Benefit in extensive margin. (independent of k) Cost in extensive margin

™~

. N—

Gz +HE) x IES) > —g—f*(z;S)—gl*(z;sV (A.13)

marginal lifet;r;e profit per k. k to be installed



Since I*(z;S) = w, indifference gives a quadratic equation in the thresh-

old z:
(G(S)Z+H(S) —1)* =2u¢ (A.14)

where any z between the two thresholds implies that (A.13) is not satisfied. The

solution of the quadratic equation is as follows:

s 1% ‘/?é)_ () (A.15)

Therefore,
au(8) ()] = |1V HE ) LEVAE HS) (A16)
|

Corollary A.2 (The inaction midpoint).

The midpoint of the inaction band zg can be characterized as zp1(S) = O and the

unconstrained optimal investment at the midpoint is zero: I*(zp1; S) = 0.

Proof.

From Theorem A.2:

20(5) +2n(S) _ 1(1— 208 —H) + (1+ V2L —H) _1-H(S)

zm(5) = > > G(9) G(9)

Evaluating I* at z;:
1-H(S)

G(S) gy THO-T 1-H(S)+H(S) -1 _
M M

0.

I"(zp; S) =

Proposition A.2 (Aggregate-level selection effect: quality margin).
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If a shift in the aggregate productivity shock leads to AG(S) > 0 and AH(S) > 0, then

the inaction midpoint decreases.

Proof.

From Corollary A.2, zj(S) = % The partial derivatives are:

aZM__l—H(S) aZM__ 1
G G52 ' oH Gy

Under G(S) > 0 (positive slope of marginal benefit), we have aZM < 0 directly.
For aazgf the maintained condition #(S) < 1 (the intercept of the marginal benefit
is below unity at the steady state, reflecting that the average firm requires positive
productivity to justify investment) gives 1 — 7 (S) > 0, hence aaz—g < 0. Therefore,

AG > 0 and AH > 0 jointly decrease zy. u

Proposition A.3 (Aggregate investment characterization).

The frictionless and frictional aggregate investments (INF™*ed T are

oFixe _ 1- % € _ oFixe
perivi(s) = 2-26(s) (155 —2m(S)), 1(5) = 1FRI(5) — ()

where Ay(S) = 52 (G(S)Mi(S) + (H(S) — 1) Mo(S)).

Proof.
Step 1: Frictionless aggregate investment. In the frictionless economy (¢ = 0), all

tirms with ¢;; = 0 (probability 1 — ¢) invest at the unconstrained optimum:

NoFixed _ _ * (g :1__4) € —
periei(s) — (1- g) [ 1) = 12 (g65) 15 1) 1),

where E|[z] = —p is the stationary mean. Substituting zm(S) = —5 ORE

NoFixed _1__§0 € —
poriel(s) = 1226(s) (15 —zu(s) )



Step 2: Frictional aggregate investment. With fixed costs, firms in the inaction

band Q)(S) invest zero:

1(5)=(1-9) [

. 1—
I*(;§)d®, = [NoFixed(gy _ ~— @ S $) — 1) de,.
s &) ()= =7 | (G(S)z+H(S) -~ 1)

Step 3: Investment gap. Using M, (S) := fQ(s) Z"d®,:

AL(S) = NI (8) — I(S) = 1_7(P (G(S)M1(S) + (H(S) = 1)Mo(S)).-

Proposition A.4 (Output gap characterization).
The output gap Ay is characterized as Ay(S_1,S) = O(S)Z(pA1(S_1) + €A1(S—1)).

Proof.
Under CRS production, aggregate output takes the form Y = O(S)Z [ zkd®,
where O(S) =T1(1;S) — w(S)I1,(1;S) is the net-of-labor productivity.

Step 1: Output gap structure. The output gap equals Ay = YNoFixed _y —
O(8)Z [ z[I*(z—1) — I(z_1)]d®_1, where the difference in capital stocks at the
current date reflects last period’s investment decisions, and T denotes frictional
investment (= I* outside (), = 0 inside ().

Step 2: Cross-sectional projection. Since firm productivity evolves as z = pz_1 +€

with € independent of z_1:

/zl[{z_1 €O} (z_1)dP_1 = p/Qz_ll*(z_l)dCI)_1 +E/Q I"(z_1)d®_1.

Step 3: Expressing via gap moments. Using I*(z_1) = %(gz_l +H—-1):

/Qz'zlr*(z_l)dcp_l . %(gMn+1 (M —1)M,).



Scaling by (1 — ¢) and substituting into Step 2:

Ay = O(5)Z pl‘Tq’ (GMy + (H — 1)M;) +¢ L (@M + (1= 1)My)

N J/
- -~

=:App =Ag

Proposition A.5 (Analytical equilibrium characterization).
Given G, H, 0c > 0, and ¢ > 0, the RCE allocations are completely characterized by a
vector of aggregate variables S = [K, cov(k,z), Z].

Proof.
We verify that all equilibrium objects are functions of S = [K, cov(k,z), Z] given
(G, H).

(i) Firm-level policies. I*(z;S) depends only on (G(S), H(S),z) (Corollary A.1).
The inaction band Q(S) = [z.(S), zr(S)] depends only on (G(S), H(S), &, 1) (The-
orem A.2).

(ii) Inaction-band moments. M, (S) = fQ(S) z"d®, depends on zp,zpy (deter-
mined by G, H) and the time-invariant stationary distribution ®, (determined by
0,€,0e). Hence My, My, M, are functions of (G, ) only.

(iii) Aggregate quantities. From Proposition A.3, I and IN°F¥¢d are functions
of (G, H, My, My). Output is ¥ = O(S)Z(%K + cov(k,z)), which depends on
(K, cov(k,z),Z) and O(S). Consumption C =Y — I — AC is determined given the
preceding objects.

(iv) Laws of motion.

K'=(1-6)K+1(S),
2

1—
cov(k,z)" = p(1 — 6)cov(k,z) + p T(Pl i€ng + A —Appl,

Z' = paggZ + €agg,



are functions of (K, cov(k,z),Z) and the equilibrium objects derived above. Since

all quantities and their transitions are pinned down by S, the state S is sufficient.

Proposition A.6 (Analytical gaps).
Under Gaussian productivity, the truncated moments My, M1, M, admit closed-form

expressions. In particular, the investment gap reduces to:

A = INoFixed (CI)SN(ZT_I(S)) _ CI)SN(Zi(S)) + ¢SN(ZT—I(S)1 ZSQI;SN(Zf(S))) (A.17)
M

where z; 1= 5 71?, j € {H, M, L} is the normalized stochastic variable. ¢5N and N

17p2
are the probability density function and cumulative distribution function of the standard

normal distribution.

Proof.
Part 1: Investment gap Aj.

From the prior derivations, we have

A1 = —=2G(5) (M(5) — 21 (5)M(5)) (A18)

NoFixed _ 1 ; (PQ(S) (1 fp _ zM(S)> = _1_7(’)9(5)022}‘\4. (A.19)

Combining these two, we have

A 11
INO—nged =T nz, (M1(S) = zm(S)Mo(S)) - (A.20)

Using the standard identity [~ yd® = p,®N(z*) — 0,¢5N(z*), where z* =

(Z—l/‘z)/(fz, Uz = %, and 0, = %:
ZH ZH Z1,
)= [ ziw= [ zie [ i (A21)
Zr, — 00 o
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— <CI)SN (z§;) — @N (zf)) —0, (4,SN (z,) — ¢S (zf)) (A22)

Mo(S) = ZiH d® = &SN (1)) — &SN (21). (A.23)

Therefore,
M;i(S) —zm(S)Mo(S) (A.24)
= (1 - ZM) (@N (z17) — @V (z1) ) — o= (¢°N (z1) — 9N (z1))  (A.25)
= —ouzp (O (z77) — @V (z) ) — o= (%N (z7) — 9N (31)) - (A.26)

Hence,
A 11

o = g7 (M1(8) = 2u(S)Mo(5)) (4.27)

Part 2: Sorting gap A and output gap Ay.
Step 1: Second moment Mp. We compute [~ 1y?*d® using the standardized
variable y* = (y — pz) /0

z z*
/ _yle = / o2y 4 )N () dy”

=o? / (v )2¢°N (v*)dy* + 2pz0- / y >N (y*)dy* + p2 @SN ().
(A.29)

Using [ (y*)2¢ N (y*)dy* = ®N(a) — a¢°N(a) (integration by parts) and
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Sl oy N (y*)dy* = —¢N(a):
/ Z YD = (2 + 02) DN (2%) — 20029 (27) — 022" 9N (2). (A.30)
Hence,

Mo(s) = [ 2de
2(5) z
L

= (42 +02) (@ (zly) — @™ (2])) + 20202 (9™ (21) — ¢°V (25y))
+ 02 (zp N (21) — 259N (zh)- (A.31)

Step 2: Sorting gap Ar;. From the definition, Aj; = 17790(QM2 + (H —1)M,).
Substituting the expressions for M; and Mj, factoring through [NoFixed — 1—740@7227\4,
and collecting terms yields the stated formula.

Step 3: Output gap Ay. From Proposition A4, Ay(S_1,5) = O(S)Z(pA11(S-1) +
€A;(S_1)). Substituting the analytical forms and noting that the persistence-
weighted contribution introduces a factor po; in place of ¢, in the sorting-gap

terms yields the stated output gap expression. u

Lemma A.1 (Neutrality point).
In the analytical equilibrium, there exists a level of aggregate productivity where the

investment gap is zero:

ZNeutml — 1 (1 - .0) (1 - Pagg,B(l - (S)) _ Eaggg
Pagg€ . (1;“)1;" 5 1-pB(1-9)

U

Proof.
From the analytical investment gap, A; = 0 if and only if z}, = 0, which requires

ZM = %. Under linear utility (GHH with ¢ — 0), G(Z) and H(Z) are affine in

12



1*H()Z) — %, equivalently:

Z with known coefficients. Setting zj;(Z) =

1-H(Z)=G(2)

Substituting the explicit forms of G(Z) and H(Z), the equation becomes linear in

Z. Solving yields the stated expression for ZNewtral, u

Lemma A.2 (Equivalence relation).
The following equivalence holds: z};(Z) < 0 <= Z > zNeutral «, [NoFixed(7) -

0 < A(Z)>0.

Proof.

(i) zjy < 0 <= Z > zZNeutrdl From the proof of Lemma A1, z}, =0 < Z =
ZNeutral - Gince zpy(Z) = % is strictly decreasing in Z (the numerator 1 — H
decreases while the denominator G increases in Z), zj, is strictly decreasing in Z,
establishing the equivalence.

(ii) zjy < 0 <= [NoFixed o [NoFixed — _I-€Gg 27 Since G > 0 and 0; > 0,
the sign of IN°Fi*ed jg gpposite to that of z},.

(iii) zj; < 0 <= A; > 0. From Proposition A.6, A;/IN°Fi¥¢d inyolves the mass
and asymmetry within the inaction band. When z}; < 0 (the band sits below the
distribution mean), both the CDF-difference and density-ratio terms are positive,
giving Ay/ [NoFixed — () Combined with [NoFixed ~ () this yields A; > 0. The

converse follows by the same arguments. |
Proposition A.7 (Analytical approximation to aggregate investment and output
growth).

Under linear utility, the analytical approximation is:

[(Z) = aZ+b —c(¢°N) (Z—Jre +f) +0(¢&) (A.32)

‘\/_/ ~ ~~ -
— [NoFixed =AT
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d
Z_1+€

Ay(Z-1,Z) = gZ (¢ ( +f) +0(¢) (A.33)

or known a,b,c,d, e, f, ¢ functions of structural parameters, and where ($°N)' is the first
8 P

derivative of the standard normal p.d.f. and O(Z) — 0 at the same speed as ¢ — O.

Proof.
Step 1: From Ap to the Gaussian derivative form. From the mean-value-theorem

approximation developed in Appendix Section 1:

(1= 9)2y/2u¢(1 - {o)

A
! C1p

L

(@) (T1zh)- (A.34)

(1-9)24/2u5(1-(2)
C1p

Step 2: Express (123, as a Mobius function of Z. Under linear utility, G(Z) and
H(Z) are affine in Z. Write G(Z) = a1Z + ap and H(Z) = a3Z + ay with known

Define ¢ :=

coefficients. Then:

C1-H(Z) (1—way) —a3”Z
M(2) =~ = e (A.35)

a Mobius transformation. Hence z}; = (zp — }z)/ 0 is also a Mdbius transforma-

tion of Z, taking the form %IZ for constants determined by (a1, ..., a4, Yz, 0%).

Rearranging: {1z},(Z) = ZLJFE + f, where

a2 _ €agg
x1 Pagg(l —pB(1-9))’

and d, f are the coefficients given in Appendix (full analytics), obtained by de-

composing the Mobius form into a constant plus a simple fraction.
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Step 3: Investment function. Combining I = INoFixed _ Ap with [NoFixed — g7 4 p:

1(Z) = (aZ + b) —c(<p5N)’(ZL+e +f) +0(8), (A.36)

where O(¢) accounts for the two mean-value-theorem approximation errors, each
of order (z}; —z})? = O(g).

Step 4: Output gap. From Ay(S_1,S) = O(S)Z(pAr1(S—-1) +€A(S-1)) and the
proportionality of Aj; to A; under the Gaussian derivative approximation (with a

correction captured by (3), define g := O(S )(plg—%zaz + %) to obtain:

d
Z_1+€

Ay(Z_1,Z) =gZ c(cpSN)’( + f) +0(9). (A.37)

Investment neutrality under symmetry. From the investment gap derivation, we

have

AL(S) = 1_T¢Q(S)MO(S) (ﬁ;g; — zM(S)> . (A.38)

Assuming a non-trivial economy (G(S) # 0, My(S) # 0), A; = 0 requires
M;1(S)/Mo(S) = zpm(S), i-e., the average productivity among inactive firms equals
the inaction midpoint. This holds whenever ® is symmetric around zys on [z, zx],
since symmetry forces the midpoint and the within-band mean to coincide. Com-
bined with the linearity of I*(z;S) in z (Corollary A.1) and I*(zs; S) = 0 (Corol-
lary A.2), positive and negative foregone investments cancel exactly.

Proposition A.8 (Impossibility of macroeconomic neutrality).

For any aggregate state S with My(S) > 0 and A;(S) > 0 (equivalently, I(S) > 0):
(i) AH(S) > 0.
(i) When A;(S) > 0, all three gaps are simultaneously strictly positive: Ar(S) > 0,
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A11(S) > 0,and Ay(S,S") > 0 for any subsequent state S'.

In particular, the investment and output gaps cannot vanish simultaneously.

Proof.
The proof proceeds in three steps.

Step 1: Jensen’s hierarchy. Whenever the within-band distribution has positive
variance (® is not a point mass on ()), Jensen’s inequality applied to the strictly

convex function f(x) = x? yields

¢(2) ¢(2)
f( /Q zmdz) < /Q f@) Gtz (A.39)
ie., (M1/Mp)? < My/M,, which is equivalent to
M;(S)* < Ma(S) Mo(S). (A.40)

Dividing both sides by MyM; > 0 yields the moment ranking M,/ M; > M;/Mj.

Step 2: Joint positivity in the empirically relevant region. When Aj(S) > 0, we
have M;/My > zp;. Combined with the ranking M,/ M; > M; /M, from Step 1,
this gives Mp/M; > zp, and hence A;(S) > 0. This proves Part (i). In the strict
case A1(S) > 0, both gaps are strictly positive, so Ay(S,S") = O(S")Z' (p A1 (S) +
€A1(S)) > 0since O(S’) > 0, Z' > 0, and both gap terms are positive. This proves
Part (ii).

Step 3: Impossibility of joint neutrality. ~As a corollary, A;(S) = 0implies A7 (S) >
0 by Part (i), so Ay(S,S’) = O(S")Z" p A;;(S) > 0 when A;(S) = 0. Conversely,
Ay = 0 requires p A;; +€A; = 0; combined with A; = 0 this forces A;; = 0,
contradicting Part (i). Therefore the investment and output gaps cannot vanish
simultaneously.

The economic content is as follows. The moment ranking M,/M; > M; /My

reflects a fundamental asymmetry: high-productivity inactive firms are overrep-
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resented in the sorting margin precisely because they are high-productivity. In
the empirically relevant region (left-of-peak, A; > 0), both the level of aggregate
investment and the efficiency of its allocation are simultaneously distorted. The
same symmetry that could neutralize the investment gap leaves the sorting gap
strictly positive. Since Ay is a positive linear combination of both gaps, output

neutrality is generically impossible. |

Proposition A.9 (Firm-level investment semi-elasticity).

The firm-level investment semi-elasticity at the steady state takes the stated four cases.

Proof.
At the steady state, G** and H* are each proportional to = 1/R.

Case 1: Firm stays unconstrained (z ¢ () before and after).

Gz 4+ H* — 1 oI  1G%z+H® 1+ pul*

SS J— _—_ =
I*(z) = ” , R Ry (AA1)
Dividing by I*: aloaglglss) = (1 + Iss)

Case 2: Firm becomes constrained (enters inaction band). The firm at the bound-
ary z35 switches from I*(zy) = \/2ué/p > 0 to zero. The discrete jump yields
elasticity —1 at the threshold.

Case 3: Firm stays constrained (z € () before and after). I=0 throughout;
elasticity is identically zero.

Case 4: Firm becomes unconstrained (exits inaction band). The firm jumps from

I =0toI*(z) > 0, a discrete positive change from a base of zero: aloagl(;ss) =

+c0. |

Proposition A.10 (Aggregate investment semi-elasticity).
The aggregate investment semi-elasticities at the steady state are as stated in the main

text.

Proof.
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Aggregate investment is I** = (1 — ¢) [, I"(2)d®. Differentiating with respect

to R using Leibniz’s rule:

I oI* (z) 0z 9zss
— (1 — _ T¥(SS S H * SS L ) )
=09 [0 5 @I GG T + 1 EDNGD 5 | a2

intenSiv:e,margin extensive margin
Intensive margin. Since algl(f) = —RLV(QSSZ + H*):

(1 - q))/ oI o NoFixed,ss | 1_T(P(1 _ M(S)S) - I + A?S + 1—7(P(1 B MSS)

z¢Q0 OR a —R - R
(A.43)
Dividing the full expression by I** and collecting terms:
dlog(I*) _ AP dlog(INeredss) 1 ., sV 9ZH _ pr( sy p(p55) OZL
OB — (1 7 ) B - L e TR - UG S
(A.44)

For the frictionless benchmark, [NoFixedss — 1=¢ ( ( IT(1)Ze T 1), so:

# \RO-p)1-pI-3
alog(INoFixed,ss) B 1 1
o =\ o — o (A45)
R(1-p)(1-p(1-9))

Corollary A.3 (Elasticity amplification).

If A? > 0, the frictional aggregate investment semi-elasticity at the steady state is greater

alog Iss) > ’ alog(INoFixed,ss)
JdR ’

than the frictionless benchmark: ‘

Proof.
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From Proposition A.10:

alog(lss) _ (4 ASS alog(INoFixed,ss) B iaAﬁs
JR Iss JR Is$ R
~ S——

NV . .
amplified intensive margin extensive margin

. . e . ss A?S . alog(INoFixed,ss)
Intensive margin amplification. If AP > 0, then 1+ & > 1. Since —>—r—— <
’ alog(INoFixed,ss)

IR in absolute value.

0, the first term already exceeds

Extensive margin reinforcement. An increase in R widens the inaction band, so

aASS
z > 0:

aASS * SS SS az?_sl * SS SS azis
IR —f (z)¢(z5) GRJ_I (z0)¢(27) R > 0.

>0 <0

The first term is positive (I*(zy) > 0, aaz—f{ > 0). The second subtracted term is
negative (I*(zp) <0, %ZRL > 0). Both contribute positively.
Since this positive extensive-margin term is subtracted in the semi-elasticity

(and I** > 0), it further increases the magnitude:

) log(INoFixed,ss)
oR

‘ 810g(155)

Ass o) log(INoFixed,ss)
R (1 + )

I%s oR

Proposition A.12 (Existence of the critical value).

Suppose the unconditional mean of productivity lies outside the inaction band:
¢ [z1,zu]' If A > Ofor some o, then there exists o such that (i) Ap(o}) >
= 0.

=
Ap(oe) forall oe € (0,00),

Proof.

IThis condition holds whenever the fixed cost is small enough that the half-width of the
inaction band /2u¢/G is less than |y, — zp|, i.e., the band is narrower than the distance from its
center to the unconditional mean. This is satisfied at the calibration.
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Step 1: Boundary behavior.

As 0. — 0: The stationary distribution degenerates to a point mass at p, =
%. The inaction band [zy,zy] has finite width W = 2,/2u¢/G independent of
e, and its midpoint zy is likewise independent of ce.

By hypothesis, u, ¢ [zr,zy]. Without loss of generality suppose y, > zp (the
case Ji; < zp, is symmetric). The standardized thresholds are z}; = (zg — pz) /0
and zj = (zp — pz)/05. Since zy < u, and z; < p;, both zj; and zj diverge
to —o0 as 0; — 0. Therefore My = ®°N(z};) — ®N(z}) — 0, and hence A] =
L2G(My — 2pMp) — 0.

Remark. 1If instead p, € (zr,zpy), the standardized thresholds diverge with
opposite signs (zj; — +00, z; — —), so My — 1 and A; — 1_7(Pg(yz —zpm) =
[NoFixed # 0. In this regime, A; does not vanish as o, — 0; all firms are inactive
and the gap equals the full frictionless investment. The extreme value theorem
argument in Step 2 then does not guarantee an interior maximizer, which is why
the condition i, ¢ [z, zp]| is imposed.

As 0. — oo: The distribution becomes flat. The inaction band has fixed width
2\/2;4_6 /G. As 0e — oo, zj; —z7 — 0 (the normalized band shrinks), so My =
DN (z%,) — PN(z}) — 0. Hence A — 0.

Step 2: Continuity and the extreme value theorem. Aj(oe) is continuous on (0, c0)
(composed of smooth functions of ¢ through the normal CDF and PDF). From
Step 1, A; — 0 at both boundaries. By hypothesis, A; > 0 at some interior
point. On any compact interval [¢,1/¢] (for ¢ sufficiently small), A; achieves its
maximum by the extreme value theorem. Since boundary values are arbitrarily
small, this maximum is interior. Hence there exists o7 with A;(c7) > Aj(oe) for

all o, and the first-order condition 98, o= 0 holds. [

Jd0e

Lemma A.3 (Two channels of the uncertainty effect).

9log(Mp)

d log<% *ZM>
90 o :

Jdoe

The following equivalence holds: ‘;%’ =0

Proof.
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Since G and zy are independent of o, differentiating A; = 1_7509 My (% -z M):

E)AI . 1-— @ M1 aMo 0 M1

Setting this to zero and dividing by 1_7(’)@ My (% —z M) # 0 (when Aj # 0):

M
_ olog(My) 2108 (3 —2m)

0 do, doe

, (A.47)

which rearranges to the stated equivalence. u

Proposition A.13 (Asymmetric and state-dependent GIRF).
The generalized impulse response of aggregate investment is asymmetric between positive

and negative shocks and state-dependent:

(i) 1g(S, Ay)| < |g(S, —Ay)|, for inaction bands to the left of the peak of the firm-level

productivity distribution.

(ii) S affects g through the intensive margin: 1_T(PAH(1 — Mo(S,Ay)) decreasing in
My

(iii) S affects g through the extensive margin: Ar(S, Ay ) — A1(S,0).

Proof.
Part (i): Asymmetry. A shock Ay shifts the marginal benefit intercept, moving the
midpoint to z); — Ay /G. The entire inaction band shifts by —Ay /G.

The GIRF decomposes as g = gNF*e — (A[(S, Ay) — A1(S,0)), where gNoFixed —
177(”&;{ is symmetric in Ay,.

When the inaction band is left of the distribution peak (z}; < 0):

Negative shock (—Ay, with Ay, > 0): The band shifts rightward toward the

high-density peak. The inactive mass My increases substantially, so Aj(S, —Ay;) >
A1(S,0). The extensive-margin term —(Aj(S, —Ayx) — A1(S,0)) < 0 reinforces the
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negative intensive margin, amplifying |g|.

Positive shock (Ay > 0): The band shifts further left into the lower-density

tail. My decreases modestly, so Ar(S,Ay) < Ar(S,0). The extensive-margin term
—(A1(S, Ay) — A1(S,0)) > 0 reinforces the positive intensive margin, but the rein-
forcement is quantitatively small because the band moves into the thin tail where
density is low.

Formally, the asymmetry follows from the unimodality of ¢>N: with z}, < 0,
the band is between the mode and the left tail. A rightward shift (negative shock)
moves the band toward the mode, where ¢°V is higher, producing a large increase
in My and a large rise in A;. A leftward shift (positive shock) moves the band
away from the mode into the tail, where ¢°V is lower, producing only a modest
decrease in My and Aj. Since the extensive-margin reinforcement is larger under
the negative shock than under the positive shock, |g(S, —Ax)| > [2(S, Ay)|.

Part (ii): Intensive margin state dependence. 1_T¢AH(1 — My(S, Ay)) is decreasing
in My. This is immediate from the definition.

Part (iii): Extensive margin state dependence. A(S,Ay) — Ar(S,0) depends on
the density at the band boundaries, which varies with S as different aggregate

states position the band at different points relative to the distribution. u

Corollary A.4 (Symmetric and state-independent frictionless GIRF).

(i) |gNoFixed(S’ A’H)| — |gNoFixed(S, _A”H)|- (ii) |gNOFiXEd(Sl, A’H)| — |gNoFixed(SO’ A?—l)l
for all Sp, S1.

Proof.

gNoFixed(S, A?{) — INoFixed(S, A’H) _ [NOFiXEd(S,O) = I_TGDA’H- This is (1) linear in

Ay, giving symmetry; and (ii) independent of S, giving state independence. W

Lemma A.4 (The lemma for the sign determination).

Suppose a random variable x follows the standard normal distribution. For any differen-
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tiable function g : R — R such that §' < 0, the following inequality holds:

[ee]

/Oo xg(x)¢p°N (x)dx < 0.

Proof.
Define x(x) := g(—x) — g(x) for all x > 0. Note that ¢’ < 0 implies x > 0.

xg(x)g (dx + [ xg(x)g™ (x)d

-/ (g™ (e / <8 (i

|| xGelx) + gD N (x4 [ xg (1) ()
_ /0 xx ()N (x)dx < 0.

[
Proposition A.14 (The nonlinearity in the business cycle).
If INoFixed (7 > 0 and P(Z < ZM*) is sufficiently small,
(i) EI(Z) < I(EZ)
(ii) s.d.(I) > s.d.(INoFixed)
(iii) skewness(I) < skewness(INFixed)
Proof.
Part (i): Cost of business cycle.
Write I(Z) = IN°Fixed(7) — A[(Z). Since IN°F*ed(7) = aZ + b is affine in Z:
EI(Z) — I(EZ) = — (E[A[(Z)] — AI(EZ)). (A.48)

Thus EI(Z) < I(EZ) <= E[A[(Z)] > A(EZ), ie., Aj is convex in Z on
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average.

From the analytical approximation, A;(Z) ~ c(¢5N)’ (ZLJre + f). The gap A;(Z)
is hump-shaped, peaking at ZM%* and vanishing in both tails. Under the main-
tained condition that P(Z < ZM) is sufficiently small, the economy operates
predominantly in the right tail, where A;(Z) is decreasing and convex in Z (flat-

tening toward zero). By Jensen’s inequality applied to this locally convex function:
E[A(Z)] > A(E[Z]), (A.49)

establishing EI(Z) < I(EZ).
Part (ii): Excess volatility.

Decompose the variance:

Var(I) = Var(INoFxed _ Ay = Var(INOFixedy 4 Var(Ap) — 2Cou(INOFxed Ap).
(A.50)

Since INoFixed — g7 4 b with a > 0, Cov(IN°F™*ed A}) = aCov(Z, A;).
Under the maintained conditions, Aj(Z) is predominantly decreasing in Z over

the high-density region, so Cov(Z,A;) < 0 and Cov(IN°Fxed A;) < 0. Therefore:

Var(I) = Var(IN°F>ed) 4 Var(Ap) 4 2|Cov(IN°Fxed Ap)| > Var(INoFi¥ed)  (A51)
\ - (. J/

>0 >0

Taking square roots: s.d.(I) > s.d.(INoFixed),

Part (iii): Negative skewness.

[NoFixed(7) = g7 + b inherits the distributional shape of Z: if Z is symmetric
(Gaussian), then skewness (IN°Fxed) = 0,

Since Aj(Z) is convex over the predominant support, I(Z) = [NoFixed(z) —
A1(Z) is concave there. A concave transformation of a symmetric random variable

generates negative skewness: positive shocks to Z produce smaller-than-linear
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increases in I while negative shocks produce larger-than-linear decreases, creating
a heavier left tail.

Formally, for a concave function f and symmetric random variable Z, E[(f(Z) —
Ef(Z))% < E[(aZ + b —E[aZ + b])?] (the standard result that concave transfor-

mations reduce skewness). Hence skewness(I) < skewness(INoFixed), u
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